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Abstract 

This is the fifth in a series of papers where we prove a conjecture of 
Deser and Schwimmer regarding the algebraic structure of "global confor- 
mal invariants" ; these are defined to be conformally invariant integrals of 
geometric scalars. The conjecture asserts that the integrand of any such 
integral can be expressed as a linear combination of a local conformal 
invariant, a divergence and of the Chern-Gauss-Bonnet integrand. 

The present paper complements [6] in reducing the purely algebraic 
results that were used in [31 E] to certain simpler Lemmas, which will be 
proven in the last paper in this series, [8]. 
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1 Introduction 



This is the fourth in a series of papers [H [5l [6l [71 [8] where we prove a conjecture 
of Deser-Schwmimmer 18 regarding the algebraic structure of global conformal 
invariants. We recall that a global conformal invariant is an integral of a natural 
scalar- valued function of Ricmannian metrics, J^^„ P{g)dVg, with the property 
that this integral remains invariant under conformal re-scalings of the underlying 
metrical More precisely, P{g) is assumed to be a linear combination, P{g) = 
'^i^i^aiC^ig), where each C^{g) is a complete contraction in the form: 



here each factor V^™^i? stands for the m*'* iterated covariant derivative of the 
curvature tensor R. V is the Levi-Civita connection of the metric g and R is 
the curvature associated to this connection. The contractions are taken with 
respect to the quadratic form g^^ . In this series of papers we prove: 

Theorem 1.1 Assume that P{g) — X^zei ^'^'(s); where each C^{g) is a com- 
plete contraction in the form with weight —n. Assume that for every 
closed Riemannian manifold {M",g) and every (j) G C°°(M").- 



Here W{g) stands for a local conformal invariant of weight ~n (meaning that 
W{e^'^g) = e-"'^VF(5) for every (j) e C°°(M");, div{r^(g) is the divergence of 
a Riemannian vector field of weight —n + 1, and PfaS{Rijki) is the Pfaffian of 
the curvature tensor. 

Before we discuss the position of the present paper in the series [3]-[H], we 
digress to describe the relation between the present series of papers with classical 
and recent work on scalar local invariants in various geometries. 

Broad Discussion: The theory of local invariants of Riemannian structures 
(and indeed, of more general geometries, e.g. conformal, projective, or CR) has 
a long history. As discussed in [5], the original foundations of this field were 
laid in the work of Hermann Weyl and Elie Cartan, see ^51 [T7] . The task of 
writing out local invariants of a given geometry is intimately connected with 
understanding polynomials in a space of tensors with given symmetries; these 
polynomials are required to remain invariant under the action of a Lie group 
on the components of the tensors. In particular, the problem of writing down 
all local Riemannian invariants reduces to understanding the invariants of the 
orthogonal group. 

^See the introduction of [3] for a detailed discussion of the Deser-Schwimmer conjecture, 
and for background on scalar Riemannian invariants. 



contr\y^'^^^ R ® • • • V^^^^i?); 



(1.1) 




We claim that P{g) can then be expressed in the form: 



P{g) = W{g) + div.,T{g) + Pfaff (i?,,,-0- 
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In more recent times, a major program was laid out by C. FefFerman in 
[20] aimed at finding all scalar local invariants in CR geometry. This was mo- 
tivated by the problem of understanding the local invariants which appear in 
the asymptotic expansion of the Bergman and Szego kernels of strictly pseudo- 
convex CR manifolds, in a similar way to which Riemannian invariants appear 
in the asymptotic expansion of the heat kernel; the study of the local invariants 
in the singularities of these kernels led to important breakthroughs in [11] and 
more recently by Hirachi in [25] . This program was later extended to conformal 
geometry in [51]. Both these geometries belong to a broader class of structures, 
the parabolic geometries; these admit a principal bundle with structure group a 
parabolic subgroup P of a semi-simple Lie group G, and a Cartan connection 
on that principle bundle (see the introduction in [151). An important question 
in the study of these structures is the problem of constructing all their local 
invariants, which can be thought of as the natural, intrinsic scalars of these 
structures. 

In the context of conformal geometry, the first (modern) landmark in un- 
derstanding local conformal invariants was the work of Fefferman and Graham 
in 1985 [21], where they introduced the ambient metric. This allows one to 
construct local conformal invariants of any order in odd dimensions, and up to 
order ^ in even dimensions. The question is then whether all invariants arise 
via this construction. 

The subsequent work of Bailey-Eastwood-Graham [IT] proved that this is 
indeed true in odd dimensions; in even dimensions, they proved that the re- 
sult holds when the weight (in absolute value) is bounded by the dimension. 
The ambient metric construction in even dimensions was recently extended by 
Graham-Hirachi, [24]; this enables them to indentify in a satisfactory way all 
local conformal invariants, even when the weight (in absolute value) exceeds the 
dimension. 

An alternative construction of local conformal invariants can be obtained 
via the tractor calculus introduced by Bailey-Eastwood-Gover in [lOj . This 
construction bears a strong resemblance to the Cartan conformal connection, 
and to the work of T. Y. Thomas in 1934, ^7] . The tractor calculus has proven to 
be very universal; tractor buncles have been constructed [T3| for an entire class 
of parabolic geometries. The relation betweeen the conformal tractor calculus 
and the Fefferman-Graham ambient metric has been elucidated in |16j . 

The present work [3|-[5, while pertaining to the question above (given that 
it ultimately deals with the algebraic form of local Riemannian and conformal 
invariants), nonetheless addresses a different type of problem: We here con- 
sider Riemannian invariants P{g) for which the integral Jj^j„ P{g)dVg remains 
invariant under conformal changes of the underlying metric; we then seek to un- 
derstand the possible algebraic form of the integrand P{g), ultimately proving 
that it can be de-composed in the way that Deser and Schwimmer asserted. It is 
thus not surprising that the prior work on the construction and understanding 
of local conformal invariants plays a central role in this endeavor, in the papers 

ma. 
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On the other hand, a central element of our proof are the main algebraic 
Propositions 5.1, 3.1, 3.2 in [3l[4j; these deal exclusively with algebraic properties 
of the classical scalar Riemannian invariants!! The "fundamental Proposition 
II. ir makes no reference to integration; it is purely a statement concerning lo- 
cal Riemannian invariants. Thus, while the author was led to led to the main 
algebraic Propositions in [21 E] out of the strategy that he felt was necessary to 
solve the Deser-Schwimmer conjecture, they can be thought of as results of an 
independent interest. The proof of these Propositions, presented in the present 
paper and in [S] is in fact not particularily intuitive. It is the author's sincere 
hope that deeper insight (and hopefuly a more intuitive proof) will be obtained 
in the future as to why these algebraic Propositions hold. 

We now discuss the position of the present paper in this series of papers. 

The purpose of the present paper is to complete the part IIA in this series: 
In [Sllllll] we proved that the Deser-Schwimmer conjecture holds, provided one 
can show certain "Main algebraic propositions", namely 5.2 in [2| and 3.1, 3.2 
in [1]. In [Sj we claimed a more general Proposition which implies Proposition 
5.2 in [3] and Propositions 3.1, 3.2 in [4]; this new "fundamental Proposition" 
2.1 in [3] is to be proven by an induction of four parameters. In [B] we also 
reduced the inductive step of Proposition 2.1 to three Lemmas (in particular 
we distinguished cases I, II, III on Proposition 2.1 by examiniming the tensor 
fields appearing in its hypothesis, see p.7p below; Lemmas 3.1, 3.2, 3.5 in [B] 
correspond to these three cases). We proved that these three Lemmas imply the 
inductive step of the fundamental Proposition in cases I,II,III respectively, apart 
from certain special cases which were deferred to the present paper. In these 
special cases we will derive Proposition 2.1 in directlyH in section [3l Now, 
in proving that the inductive step of Proposition 11.11 follows from Lemmas 3.1, 
3.2, 3.5 in [6] we asserted certain technical Lemmas, whose proof was deferred 
to the present paper. These were Lemmas 4.6, 4.8, and 4.7, 4.9 in [^; also, the 
proof of Lemma 5.1 in [B] was deferred to the present paper. We prove all these 
Lemmas from [B] in section [5] 

For reference purposes, and for the reader's convenience, we recall the precise 
formulation of the "fundamental Proposition" 2.1 in [6], referring the reader to 

for a definition of many of the terms appearing in the formulation. First how- 
ever, we will recall (schematically) the "main algebraic Proposition" 5.2 in [3]; 
this is a special case of Proposition 2.1 in [6], and provides a simpler version of it. 

A simpler version of Proposition 2.1 in 161: Given a Riemannian metric g 
over an rt-dimensional manifold M" and auxilliary C°° scalar-valued functions 
f2i,...,0p defined over A/", the objects of study are linear combinations of 
tensor fields X^/ei'^'^g*^ "^here each (^Mi - v jg partial contraction with 

^These "main algebraic propositions" are discussed in brief below. A generalization of 
these Propositions is the Proposition 11.11 below. 

^By this we mean without recourse to the Lemmas 3.1, 3.2, 3.5 in [6]. 
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a free indices, in the form: 

pcontr{V'^'''^R® V^^'^i? ® V^'i^l^i V('''"^17p); (1.2) 

here V^"^^R stands for the m*'* covariant derivative of the curvature tesnor 
and V'-^'-'rift stands for the 6*'' covariant derivative of the function Qh- A partial 
contraction means that we have hst of pairs of indices (q, ;,),..., (c, d) in (|1.2p . 
which are contracted against each other using the metric g*-' . The remaining 
indices (which are not contracted against another index in (|1.2p ) are the free 
indices i^, . . . 

The "main algebraic Proposition" 5.2 in [3 (roughly) asserts the following: 
Let X]!gl aiCg^^'"^'^ stand for a linear combination of partial contractions in 
the form (|1.2p . where each (^^''i - 'f i^^g given number cti of factors and a 
given number p of factor V'-''^il;i. Assume also that cri + p > S, each bi > 20 
and that for each contracting pair of indices (a,h) in any given the 
indices aj& do not belong to the same factor. Assume also the rank /i > is 
fixed and each partial contraction / g j^a,s a given weight —n + /i0 

Let also X]zeL> oiCg^^ '^^' stand for a (formal) linear combination of partial 
contractions of weight — n + yi, with all the properties of the terms indexed in 
L^, except that now all the partial contractions have a different rank yi, and 
each yi > fi. 

The assumption of the "main algebraic Proposition" 5.1 in :3; is a local 
equation in the form: 

^ aiXdtv,, . ..Xdtv.^C'g'^-'- + aiXdiv,, . . . Xdiv.^Cg"'-"'' - 0, 

(1-3) 

which is assumed to hold modulo complete contractions with a +1 factors. Here 
given a partial contraction C'^>*i - «a in the form (|1.2[) Xdivt^ ^(ji^,ii...ia,j stands for 

sum of cr — 1 terms in diDiJCg'*^ ' *"] where the derivative is not allowed to 
hit the factor to which the free index belongs^ 

Proposition 5.2 in [3] then asserts that there will exist a linear combination of 
partial contactions in the form (jl.2p . X^/igh Q^/iC'g with all the properties 
of the terms indexed in i>^, and all with rank (/i + 1), so that: 

^ ajC^.C^i-v) + ^ a;,M«,^^,C^^('i-v)v+i = Q; (1.4) 

*In particular it is a tensor of rank m + 4; if we write out its free indices it would be in the 
form vl™'.r„Hijfci. 

^This means that each function is differentiated at least twice. 
^See [3] for a precise definition of weight. 

^Recall that given a partial contraction (^^''i - 'o {^i the form l|1.2| l with a factors, 
divigCg^^'"^" is a sum of a partial contractions of rank a — 1. The first summand arises 
by adding a derivative onto the first factor Ti and then contracting the upper index 
against the free index ; the second summand arises by adding a derivative onto the 
second factor T2 and then contracting the upper index against the free index etc. 
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the above holds modulo terms of length a + 1. The symbol (...) means that we 
are symmetrizing over the indices between prentheses. 

In [5] we set up a multiple induction by which we will prove Proposition 5.2 
in [5] (outlined above) and also the main algebraic Propositions 3.1, 3.2 in [J]. 
The generalized proposition 11.11 which we formulated in [5] deals with tensor 
fields in the forms: 

pcontr{V^'"'^R,,ki <^ • • • ® ^^""'^ R^Jkl<S) 
V(''i^l7i ■ • ■ (g) v'-^'^^Qp <Si V01 ® • ■ • (g) V0„), 



• • • ® V0,„ ® ^(^L+i ^---^ v-^L+rf ® • • • ® ^^-^+,+1 ® • • • ® ^4>.^+,+y)- 

(1.6) 

(See the introduction in [6] for a detailed description of the above form). We 
remark that a complete or partial contraction in the above form will be called 
"acceptable" if each bi > 2, for 1 < i < This convention was introduced in 

i- 

The claim of Proposition is a generalization of the "main algebraic Proposi- 
tion" in [3]: 

Proposition 1.1 Consider two linear combinations of acceptable tensor fields 
in the form ll.6\} : 

a,C^'^-^"(f]i,...,f]p,0i,...,0O, 

^ aiCg'^'"'^'' {Qi, . . . ,rjp,(/)i, . . .,(t>u), 

where each tensor field above has real length ct > 3 and a given simple character 
Ksimp- We assume that for each I S i>^, /?/ > /i + 1. We also assume that none 
of the tensor fields of maximal refined double character in are "forbidden" 
(see Definition (2.12)). 
We denote by 

^ajCliVLi, . . . ,rjp,0i, . . . >„) 

a generic linear combination of complete contractions (not necessarily accept- 
able ) in the form il.5\) that are simply subsequent to Ksimp H We assume that: 

*In other words, we are requiring each function £7^ is differentiated at least twice. 
^Of course if Def (Ksimp) = then by definition 5Djg j ■ ■ ■ = 0. 



6 



^ aiXdiVt^ . ..Xdivi^Cg'^--^''{ni, . . . ,np,0i, . . .,4>u) + 
leLi 

aiXdivi^ . . . Xdwi^^Cg (Jli, . . . , fip, . . . , j-j^ 
^a,C^(17i,...,l]p,0i,...,</.„)=O. 

We draw our conclusion with a little more notation: We break the index set 
into subsets , z ^ Z , (Z is finite) with the rule that each indexes tensor 
fields with the same refined double character, and conversely two tensor fields 
with the same refined double character must be indexed in the same . For 
each index set U- , we denote the refined double character in question by . 
Consider the subsets that index the tensor fields of maximal refined double 
character^^ We assume that the index set of those z 's is ZMax C Z . 

We claim that for each z G Zmux there is some linear combination of ac- 
ceptable {jjL + 1) -tensor fields, 

where each Cg'*^'"*^^^ (fJi, . . . ,57^,01, . . . ,(j)u) has a ij-double character Lf and 
also the same set of factors S^V^'^'^ Rijki as in contain special free indices, so 
that: 



J2 aiC'/'-'- {ni, rip, </.!,... , 0„)V,,u . . . V^^v- 

arXdiv^^^,Cl''^-''^+^{ni, . . . ,np,(j)i, . . . ,(j)u)V^,v . . .V^^v ^ 



tSTi 

modulo complete contractions of length > a + u + ^ + I. Here each 

is acceptable and is either simply or doubly subsequent to L^P^ 

(See the first section in 6 for a description of the notions of real length, 
acceptable tensor fields, simple character, refined double character, maximal 



^"Note that in any set S of ^-refined double characters with the same simple character there 
is going to be a subset S" consisting of the maximal refined double characters. 

^^Recallthat "simply subsequent" means that the simple character of Cg'*^ is subsequent 
to Simp{L^). 
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refined double character, simply subsequent, strongly doubly subsequent). The 
Proposition 11.11 is proven by a multiple induction on the parameters —n (the 
weight of the complete contractions appearing in ([HT])), a (the total number of 
factors in the form V(™)%fci, S'*V('')i?yfci, V^^^l^^ among the partial contrac- 
tions in (|1.7p )F^ $ (the number of factors V</)i, . . . , V0„ appearing in p.7p ). $ 
(the number of factors V(j), V(f)' , Vcj) appearing appearing in p.7p V and cti + (T2 
(the total number of factors V'^"^^ Rijki, S^.V^'^'^ Rijki)- Proposition 11.11 when 
$ = coincides with the "Main algebraic Proposition" in [3J outlined aboveF^ 

2 Proof of the technical Lemmas from |j6|. 

2.1 Re-statement of the technical Lemmas 4.6—4.9 from 

We start by recalling a definition from [6J that will be used frequently in the 
present paper: 

Definition 2.1 Consider any tensor field in the form il.6]) . We consider any 
set of indices, {^^ , . . . , belonging to a factor T (here T is not in the form 
V0^. We assume that these indices are neither free nor are contracting against 
a factor V(j)h- 

If the indices belong to a factor T in the form V'^^^fii then {x^, . . . ,x,} are 
removable provided B > s + 2. 

Now, we consider indices that belong to a factor S/^"^"^ Rijki (and are neither 
free nor are contracting against a factor V(/)/,J. Any such index ^ which is 
a derivative index will be removable. Furthermore, if T has at least two free 
derivative indices, then if neither of the indices i , j are free then we will say one 
of i,j is removable; accordingly, if neither of k,i is free then we will say that 
one of k-,1 is removable. Moreover, if T has one free derivative index then: if 
none of the indices i , j are free then we will say that one of the indices i , j is 
removable; on the other hand if one of the indices i,j is also free and none of 
the indices k , i are free then we will say that one of the indices k,i is removable. 

Now, we consider a set of indices {j^^, . . . ,x,} that belong to a factor T = 
S^V'^"^ Rijki and are not special, and are not free and are not contracting against 
any Vt/). We will say this set of indices is removable if s < v. Furthermore, if 
none of the indices k, i are free and v > and at least one of the other indices 
in T is free, we will say that one of the indices kT i 'is removable. 

For the first two Lemmas. 12.11 [2T2l we will consider tensor fields in the form: 

^^Tho partial contractions in 111.71 1 are assumed to all have the same simple character- 
this implies that they all have the same number of factors V('"'i?ij7;;, S", V^'^^-Rij^;, V'^'O^ 
respectively. 

^''Similarly, the "Main algebraic Propositions" 3.1, 3.2 in coincide with Proposition ll.il 
above when <& = 1. 
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V</>,, • • • ® V0,„ ® V^;^^^ (® • • • ® ® • • • ® V^,„^,+, ® • • • ® V<^,„+,^ J. 

(2.1) 

(Notice this is the same as the form (|1.6p . but for the fact that we have inserted 
a factor VF in the second hne). Our claims arc then the foUowing: 

Lemma 2.1 Assume an equation: 

ahX^divi^ . . . X^dwi^^Cg (ili, . . . , ilp, Y", 0i, . • . , (t>u') = 

. (2.2) 
2^ ajC^(f^i, . . . , fip, 01, . . . , 0„'), 

where all tensor fields have rank at > a. All tensor fields have a given u-simple 
character K'simp: for which a > A. Moreover, we assume that if we formally 
treat the factor VF as a factor V(/)„'+i in the above equation, then the inductive 
assumption of Proposition \1.1\ can be applied. ( See subsection 3. 1 in /6/ for a 
strict discussion of the multi-parameter induction by which we prove Proposition 

The conclusion (under various assumptions which we will explain below): 
Denote by H2,a the index set of tensor fields with rank a. 

We claim that there is a linear combination of acceptabl^^ tensor fields, 

XideD fldC'g'*^ {^1, ■ ■ ■ , ^p, Y,4>i,---, 0u), each with a simple character K^j^p 
so that: 



J2 ahC!;''' -'- (17i, . . . , l]p, r, 01, . . . , ^u')V^^V. . . V,„U- 

X.div,^^, adCf'^-'-^^{ni, . . . , l]p, y, 01, . . . , c^u')y^^v. . . V,„u = (2.3) 
+ ^atC*(r!i,...,f]p,r,0i,...,0„,,t;"). 

The linear combination on the right hand side stands for a generic linear com- 
bination of complete contractions in the form k2.1\) with a factor \IY and with 
a simple character that is subsequent to K'^i^p- 



"Acceptable" in the sense that each factor Qi is differentiated at least twice). 
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The assumptions under which ^2.4^ will hold: The assumption under which 
{2.4^ holds is that there should he no tensor fields of rank a in \2. 2\) which are 
"bad". Here "bad" means the following: 

If a2 — in Ksj„jp then a tensor field in the form \2.1\) is "bad" provided: 

1. The factor VY contains a free index. 

2. If we formally erase the factor \7Y (which contains a free index), then 
the resulting tensor field should have no removable indicesl^ and no free 
indices^^ Moreover, any factors S^,Rijki should be simple. 

f 2 > in k'sj^p then a tensor field in the form \2.1\) is "bad" provided: 

1. The factor should contain a free index. 

2. If we formally erase the factor \JY (which contains a free index), then 

the resulting tensor field should have no removable indices, any factors 

(2) 

S^Rijki should be simple, any factor V^^j^ fi/i should have at most one of 
the indices a, h free or contracting against a factor V(t>s- 

3. Any factor ^^"^^ Rijki can contain at most one (necessarily special, by 
virtue of 2.) free index. 

Furthermore, we claim that the proof of this Lemma will only rely on the 
inductive assumption of Proposition Moreover, we claim that if all the 

tensor fields indexed in H2 ( in 112. 2\) ) do not have a free index in then we 
may assume that the tensor fields indexed in D in ^2.4\ l have the same property. 

Lemma 2.2 We assume i2.2\) . where a — S. We also assume that for each of 
the tensor fields in H2 there is at least one removable index. We then have 
two claims: 

Firstly, the conclusion of Lemma \2.1\ holds in this setting also. Secondly, we 
can write: 

auXdiv,, . . . Xdiv.^C^''^-'" . . . , rip, . . . , 0„O = 

heH2 

OqXdiVi^ . . . Xdivi^, C^^*i--*°' (fii, . . . , ^ip, F, . . . , (j>u') ^2.4) 

p, _! , i/^l, . . . , yJu' J, 

teT 

^^Thus, the tensor field should consist of factors St,Rijki, V'^^fift, and factors Vr™^.r„ -Rijfci 
with all the indices n , ■ • ■ , r„-i contracting against factors 
l^I.e. Of = 1 in jot . 

^^Recall from [6] that -ffj * ^^'^ index set of tensor fields of rank a in 112.211 with a free 
index in the factor VY. 



10 



where the linear combination X^geQ flqC'g''^ stands for a generic linear com- 
bination of tensor fields in the form: 

pcontr{V^"'''>R,jki ® • • • ® V(™"i)i?yfe,«) 

(2.5) 

with B > 2, with a simple character l^'g^^p and with each a' > a. The accept- 
able complete contractions Cg{fli, . . . , ftp, Y, 0i, . . . , are simply subsequent 
to i^'gimp- Xdivi here means that V,; is not allowed to hit the factors Vcfih (but 
it is allowed to hit V^^^Y). 

For our next two Lemmas, we will be considering tensor fields in the general 
form: 



contr{y'^"'''> R,jki «) ■ • ■ V'^"''^ R^Jkl® 

S,V^''''>R^jki <8) • • • SM'"'^R^JM ® V(f;+'^ (Vawi VfcW2 - VfaWi Vawi) (2.6) 
(g) V^'^i^f^p (g) • • • (g) V^'^p^f^p ® V(/)i (g) • • • ® V(/)„); 

here Vi.i.'..r^ (. . . ) stands for the sublinear combination in Vri...rB (■ • ■ ) where 
each V is not allowed to hit the factor Wuj2- 

Lemma 2.3 Consider a linear combination of partial contractions, 
a^C^'*i-'° {fli,..., ftp, [tJi, CJ2]>1, . . . , 

where each of the tensor fields Cg'^^'"^" is in the form \2. 6\) with B = (and 
is antisymmetric in the factors Vai^i, VbCt;2 by definition), with rank a > a and 
real length <j > We assume that all these tensor fields have a given simple 
character which we denote by Kgimp ( ™6 ^■'s u' instead of u to stress that this 
Lemma holds in generality) . We assume an equation: 



a^X^div^^ . . .X*dTOi^C^^*i--'"(ili, . . . ,flp, [wi, ^2], <^i, . . .,(j)u)+ 

:^ . (2.7) 

2^ajC^(i7i, . . . ,rip, [wi,w2],0i, • ■ ■,4'u) = 0, 



Recall that in the definition of "real length" in this setting, we count each factor 
V(™)i?, §,V('')i?, Vf^'n^c once, the two factors uji,uJ2 for one, and the factors 4> ,SJ 4>' 4> 
nor nothing. 
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where X^,divi stands for the sublinear combination in Xdivi where Vi is in ad- 
dition not allowed to hit the factors Vwi , S/uj2 ■ The contractions here are 
simply subsequent to Ksj„jp. We assume that if we formally treat the factors 
Vwi, Va;2 as factors V0„+i, V(^„_|-2 (disregarding whether they are contracting 
against special indices ) in the above, then the inductive assumption of Proposi- 
tion \l.l\ applies. 

The conclusion we will draw (under various hypotheses that we will explain 
below) is that we can write: 

a^X+div^^ ...X+(iTOi^C^'*'---*°(rii,...,f2p,[wi,a;2],0i,...,0u) = 

x<£X 

a^X+divi^ . . . X+divi^Cg'"^^-^" {9.1, ...,ftp, [u!i,uj2],<l>i, ■ ■ ■ >u)+ (2.8) 

xex' 

^ajC^g{ni, ...,np, [wi,w2]>i, ■ • ■ >u) = 0, 

where the tensor fields indexed in X' on the right hand side are in the form 12. 6\} 
with B > 0. All the other sublinear combinations are as above. We recall from 
JEjj that X^divi stands for the sublinear combination in Xdivi where Vi is in 
addition not allowed to hit the factor V UI2 (it is allowed to hit the factor S/^^^ loi) . 

Assumptions needed for h2.8\) : We claim i2.8\) under certain assumptions on 
the a-tensor fields in \2. 7[ ) which have rank a and have a free index in one of 
the factors Vwi, Vw2 (say to Vwi wlog)-we denote the index set of those tensor 
fields by X"'* C X. 

The assumption we need in order for the claim to hold is that no tensor 
field indexed in X°''* should be "bad" . A tensor field is "bad" if it has the 
property that when we erase the expression V[aa;iVb]a;2 (and make the index 
that contrated against f, into a free index) then the resulting tensor field will 
have no removable indices, and all factors S<,Rijki will be simple. 

Lemma 2.4 We assume {2. 7\ ), where now the tensor fields have length cr = 3. 
We also assume that for each of the tensor fields indexed in X, there is a 
removable index in each of the real factors. We then claim that the conclusion 
of Lemma \2.3\ is still true in this setting. 

For the most part, the remainder of this paper is devoted to proving the 
above Lemmas. However, we first state and prove some further technical claims, 
one of which appeared as Lemma 5.1 in [6]P^I 

2.2 Two more technical Lemmas. 

We claim an analogue of Lemma 4.10 in 6J can be derived when we have tensor 
fields with a given simple character Ksimp, and where rather than having one 

^^Its proof was also deferred to the present paper. 
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additional factor V^u+i (which is not encoded in the simple character Ksimp), 
we have two additional factors ^a4'u+i,^b4'u+2- 

Lemma 2.5 Consider a linear combination of acceptable tensor fields in the 
form lll.6\) with a given u-simple character Ksimp'- 

'Ylii£L OiCg*^ ■ • • J <^i7 • ■ ■ J 0u)- Assume that the minimum rank among 

those tensor fields above is a>2. Assume an equation: 

aiX^divi^ . . . X^divi^Cg^^'"'''^ {Qi, . . . ,D,p, 4>i, . . . , (pu)^ it4>u+i^ i24'u+2 + 

^a-jC^girii, . . . ,rjp,0i, . . . = 

(2.9) 

(here X^divi means that V* is in addition not allowed to hit the factors Vcpu+i, 
V(^u+2j- We also assume that if we formally treat the factors Vcpu+i, ^(f>u+2 
as factors ^4>u+i, ^4'u+2 then \2. 9j) falls under the inductive assumption of 
Provosition \1.1\ (with respect to the parameters (n,a,^,u)). Denote by L" C 
L the index set of terms with rank a. We additionally assume that none of 
the tensor fields Cg^^'"^'^ {fli, . . . , flp, (f>i, . . . , are "forbidden" , in the sense 
defined above Proposition 2.1 in fSj/. 

We then claim that there exists a linear combination of {a + 1) -tensor fields 
with a u-simple character Ksimp (indexed in Y below) so that: 



a;C^''i---'°(rJi, . . . ,r2p,0i, . . . ,0„)V,;i(?!)„+iV,2(/>„+2Vj3W. . . V,„u 
+X,div,^^, ayCl'''-'"^' {ni, . . . , 01, . . . , 0„)V,,0„+iV,, 



y£Y 

f Y OjC^g-'^---^" {ill, . . . , f^p, 01, . . . , 0„)Vii0„+iVi20„+2Vi3U . . . Vi^V. 

(2.10) 

Furthermore, we also claim that we can write: 



^a;X(iwi3 . . . Xdivi^jCg''^'"''^ . . . , f2p, 0i, . . . , 0„)Vii0„+iVi20„+2 = 
^ajC^(rii, . . . ,fip,0i, . . . ,0„) + 

Y agXdivi^ . . . Xdiv.^C}/^-'- (f]i, . . . , 17p, 01, . . . , 0„+2)V 
geQi 

OqXdivi^ . . .Xdivi^C^''^---'''{fli, . . . , fJp, 0i, . . . ,0„+2), 

(2.11) 
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where the tensor fields indexed in Qi are acceptable with a u-simple character 
i^simp and with a factor V^^^ (l)u+i and a factor V (j)u+2 ■ The tensor fields indexed 
in Q2 are acceptable with a u-simple character Ksimp o-nd with a factor 
and a factor V^^+i. 

Proof of Lemma \2.5[ We may divide the index set L" into subsets Lf , Lfj 
according to whether the two factors V0«+i, V0u+2 are contracting against the 
same factor or not-we will then prove our claim for those two index sets sepa- 
rately. Our claim for the index set Lfj follows by a straightforward adaptation 
of the proof of Lemma 4. 10 in 15] . (Notice that the forbidden cases of the present 
Lemma are exactly in correspondence with the forbidden cases of that Lemma). 
Therefore, we now prove our claim for the index set Lf: 

We denote by Lj C L, Jj C J the index set of terms for which the two factors 
are contracting against the same factor. It then follows that 
(|2.9p holds with the index sets L, J replaced by Lj, J/-denote the resulting new 
equation by New[ (|2.9p ]. Now, for each tensor field (jg^^'"^'^ and each complete 
contraction C^, we let Sym[Cg''-'^], Sym[Cg''-'^], AntSym[C^g], AntSym[C^g] 

stand for the tensor field/complete contraction that arises from Cg^^'"^^ , 
by symmetrizing (resp. anti-symmetrizing) the indices a,b in the two factors 
Va(t>u+i,'^b(t>u+2- We accordingly derive two new equations from New[ (|2.9p ]. 
which we denote by New[ (|2.9p ] g,,^ and New[ (|2.9p ] q,,^. 

We will then prove the claim separately for the tensor fields in the sublin- 
ear combination J^ieL" ai'S'2/m[C]g'*i'"*° and the tensor fields in the sublinear 
combination J^ieL-^ a/AniS'?/m[C]g'*i- -*° . 

The claim (|2.10p for the sublinear combination J^ieL" o,lAntSym[Cy^'^^^■■'^°' 
follows directly from the arguments in the proof of Lemma 12.31 Therefore it 
suffices to show our claim for the sublinear combination X^zei" aiSym[C]''^^^---'^'' . 

We prove this claim as follows: We divide the index set LJ according to the 
form of the factor against which the two factors V(^„+i, V0„+2 are contracting: 
List out the non-generic factors in Ksimp {Ti, . . . ,Ta}. Then, for each k < a 
we let Lf^ stand for the index set of terms for which the factors V0„+i, V(/)„+2 
are contracting against the factor Tk- We also let stand for the index set 

of terms for which the factors V(/)u+i, V0„+2 are contracting against a generic 
factor V(™)i?yfci- WewiU prove our claim for each of the sublinear combinations 
J2ieLf a;S'ym[C]5^'*i---'° separately. 

We firstly observe that for each k < a + 1, we may obtain a new true 
equation from (|2.9p by replacing L by L/^a-i-i-denote the resulting equation by 
(Eini)/,Sym.fe- Therefore, for each fc < a -|- 1 for which Tk is in the form V'-P^flh, 
our claim follows straightforwardly by applying Corollary 1 from [3] |f3 

^''Recall from the introduction in [B] that the non-generic factors in Ksimp are all the factors 
in the form Vt'^'fift, 5* V'^'-Rij^;, and also all the factors V'^'-R^j^; that contract against at 
least one factor V0s. 

There is no danger of falling under a "forbidden case", since we started with tensor fields 
which were not forbidden. 



14 



Now, we consider the case where the factor Tk is in the form S^V^'^^ Rated' In 
that case we denote by i/,fc,ti index set of terms for which one of the factors 
V(/)„+i , is contracting against a special index in T^. In particular, we 

will let J, jj C Lj^k,(, stand for the index set of terms with rank a. We will 
then show two equations: 

Firstly, that there exists a linear combination of tensor fields as claimed in 
(|230l) so that: 

aiSym[C]^g''---'''' {fli, . . . , rjp, ^i, . . . , (/)„)Vji0„+iV^2wV^3U . . . Vi^v- 

(2.12) 

where the tensor fields in Lqj^ have all the properties of the terms in Lj^k, rank 
a and furthermore none of the factors V0u+i, V(/)„+2 are contracting against a 
special index. 

Then (under the assumption that Lf j = 0) we claim that we can write: 
aiXdivi^ . . . Xdivi^Sym[Cfg'^"''''^ {fli, . . . , lip, 0i, . . . ,4>u)yh4'u+i'^i24>u+2 

= Y, aiXdivi.^ . . . Xdivii^Sym[C]g''^"'''^ {Qi, . . . ,Qp,4)i, . . . ,4>u) 

V i^(l)u+iV i^4>u+2 + y^aj.5'ym[C]^'''"'(r^i, . . . , fip, . . . , ^„)Vii0„+iVi2 0„+2, 

(2.13) 

where the tensor fields in Li^k,OK have all the properties of the terms in Lj^k-, 
but they additionally have rank > a + 1 and furthermore none of the factors 
V(/)u+i , V<?!>ii+2 are contracting against a special index. 

If we can show the above two equations, then we are reduced to showing 
our claim under the additional assumption that no tensor field indexed in L 
in Svm (|2.9p has any factor V(/i„+i, V0„+i contracting against a special index 
in T/j. Under that assumption, we may additionally assume that none of the 
complete contractions indexed in J in (|2.9p have that propertvF^ Therefore, we 
may then erase the factor V0„+i from all the complete contractions and tensor 
fields in (|2.9P t. by virtue of the operation Erase, introduced in the Appendix 
of [3]-our claim then follows by applying Corollary 1 from [3] to the resulting 
equation and then re-introducing the erased factor V(/)„+i. 

^^This can be derived by repeating the proof of l|2.12| l. ||2.13| I. 
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Outline of the proof of iflTT^) . ifSTT^) ; Firstly we prove ([^1^ : Suppose 
wlog Tfc is contracting against V^i and • • ■ > ^^^ki ^^^n replace the two 
factors Va0i,Vf,0u+i by gab and then apply Rictoil,p+-i (obtaining a new 
true equation) an then apply the eraser to the resulting true equation. We then 
apply Corollary 1 from [3] to the resulting equation^ and finally we replace 
the factor 'S/i^^...rt^p+i by an expression 

As in the proof of Lemma 4.10 in [6], we derive our claim. Then, (|2.13p is proven 
by iteratively applying this step and making Vu's into Xdiv^s at each stage. 

We analogously show our claim when the factor Tj. is in the form V'^™-'i?ijfei: 
In that case we denote by i/.fcj the index set of terms for which both the factors 
V(j)u+i, are contracting against a special index in Tfc. We will then show 

two equations: 

Firstly, that there exists a linear combination of tensor fields as claimed in 
(PTTU| so that: 

aiSym[Cfg'^-''^ . . . , rjp, 0i, . . . , 0„)V,i (t>u+i\7 ,,_ujV ^^v . . . V,„u- 
ayXdiv,^^,Cy/^-'-^+^ (f^i, . . . , 01, . . . , 0„)V,i (/)„+! Vi.wVigU . . . V,^v = 

^a,Cf-^°(f}i,...,r!p,(/.i,..., (?!>«)Vji0„+iVj2wVi3W. . . Vj^u, 

(2.14) 

where the tensor fields in Lqj^ have all the properties of the terms in but 
they additionally have rank a and furthermore one of the factors V0u+i, ^4'u+2 
does not contract against a special index. Then (under the assumption that 
Lj J, jj = 0) we denote by i/,/c,j the sublinear combination of terms in Lj k with 
both factors V0„+i or V(/>„+i contracting against a special index in T^. We 
claim that we can write: 

^''See the relevant Lemma in the Appendix of [3]. 

^■'Since the factor V0u+2 survives this operation, and since we started out with terms that 
were not "forbidden", there is no danger of falling under a "forbidden case" of Corollary 1 
from [3]. 
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Vi2<?!'«+2 = ^ aiXdiv^.^ . . . Xdiv^^Symlcfg^^'"'''^ {Qi, . . . , fip, 0i, . . . , 

Vii(/)ii + lVi2(/)„+2 (Am ) Vij^ (pu+ 1 Vij 0n+2 , 

(2.15) 

where the tensor fields in Lj^}.,ok have all the properties of the terms in 

but they additionally have rank > a + 1 and furthermore one of the factors 

V^u+i, V</>„+2 does not contract against a special index. 

If we can show the above two equations, then we are reduced to showing 
our claim under the additional assumption that no tensor field indexed in L in 
Svm (|2.9p has the two factors V(j)u+i,^4'u+2: contracting against a special index 
in Tj,. Under that assumption, we may additionally assume that none of the 
complete contractions indexed in J in (j2.9p have that property. Therefore, we 
may then erase the factor V(/)„+i from all the complete contractions and tensor 
fields in (|2.9P t.-our claim then follows by applying Lemma 4.10 in [6] to the 
resulting equatiorF^ and then rc- introducing the erased factor V0„+i. 

Outline of the proof of \2.14% \2.15]) : Firstly we prove (|2.14p . Suppose wlog 
Tfc is contracting against V(/)i , . . . , V(/)/i (possibly with ft, = 0); then replace 
the two factors Va'/'i, Vb(/)„+i by gab and then apply Rictoflp+i (obtaining a 
new true equation) an then apply the eraser to the factors V4>i , . . . , V(j)h in the 
resulting true equation. Then (apart from the cases, discussed below, where the 
above operation may lead to a "forbidden case" of Corollary 1 in [5]), we apply 
Corollary 1 frm to the resulting equation, and finally we replace the factor 

v[i''...rbi^p+i by an expression 

As in the proof of Lemma 4.10 in [B], we derive our claim. Then, (|2.14p is proven 
by iteratively applying this step and making Vf 's into Xdiv^s at each stage 
(again, provided wc never encounter "forbidden cases"). If we do encounter for- 
bidden cases, then our claims follow by just making the factors V(/)„+i, V(/)u+2 
into Xdiv^s and then applying Corollary 1 in 3 to the resulting equation (the 
resulting equation is not forbidden, since it will contain a factor Rijki with 
two free indices), and in the end re-naming two factors Vu into V(/)„+i, V4>u+2- 
□ 

A Further Generalization: Proof of Lemma 5.1 from 



^® Notice that there is no danger of falling under a "forbidden case" of that Lemma, since 
there will be a non-simple factor S* V'^'-Rij^j, by virtue of the factor V(/<u+2. 
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We remark that on a few occasions later in this series of papers we wiU be us- 
ing a generahzed version of the Lemma l2.5l The generahzed version asserts that 
the claim of Lemma 12.51 remains true, for the general case where rather than one 
or two "additional" factors V(/)„+i, V(^„+2 we have /3 > 3 "additional" factors 
V0t(+i, . . . , V(j)u+f3- Moreover, in that case there are no "forbidden cases". 

Lemma 2.6 Let Y^i^^, aiCl'''-'^-'^^'-'^+' (Qi, . . . ,%,(t>i, . . . , cfu), 

^i£L2 OiCg'*^ "'''^''(Jli, . . . , rip, . . . , (pu) stand for two linear com- 

binations of acceptable tensor fields in the form U.6]) . with a u-simple character 
Ksimp- We assume that the terms indexed in Li have rank + (3, while the ones 
indexed in L2 have rank greater than fj, + (3. 

Assume an equation: 

aiXdiv^i^^-, . . . XdiVi^_^_i^Cg'^"''''"^'^ {Qi, . . . , fip, . . . , 4>u)'^ii4>u+i ■ ■ ■ yii34>u+i3 

leLi 

+ ^ aiXdivii^^^ . . . Xdivi^^ Cg'''"*'''^''(rii, . . . , f2p, . . . , 0„)Vii0„+i . . . Vif^cjiu+p 

+ X^^j'^s^^i' • ■ • • ■ -Au+n) = 0, 

(2.16) 

modulo terms of length > a + u + (3+1. Furthermore, we assume that the above 
equation falls under the inductive assumption of Proposition 2.1 in 16] (with 
regard to the parameters weight, a,^,p). We are not excluding any "forbidden 
cases". 

We claim that there exists a linear combination of {/.i + f3 + l)-tensor fields 
in the form U.6\) with u-simple character Ksimp and length a + u (indexed in H 
below) such that: 

^ aiCg*'''''''+''(f]i, . . . ,np,(/)i, . . . ,0„)Vii0„+i . . . yif,4>u+p'^i,i+iV ■ ■ ■ Vi^^^^u 

+ ^ a/iXdwi^^^^_|_^Cg*''"'''+''+'(Sli, . . . ,r2p,0i, . . . ,0t,)Vii0„+i . . . Vi^,(/)/3+i 

heH 

V^,v... Vii,^^v + ^ ajC^g{ni, . . . , fJp, 01, . . . , (I)u+i3, v^) = 0, 

(2.17) 

modulo terms of length > cr + u-|-/3 + /i + l. The terms indexed in J here are 
u-simply subsequent to Hsimp- 

Proof of Lemma 12. 6t The proof of the above is a straightforward adap- 
tation of the proof of Lemma 12. 5i except for the cases where the tensor fields 
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^Mi-- v^v+i - v+/3 g^j.g "bad", where "bad" in this case would mean that all fac- 
tors are in the form Rijki, S^Riju, V^^^fi/i^ and in addition each factor V^^^fi/i 
contracts against at most one factor V^^ ,1 < h < u + p. So we now focus on 
that case: 

Let us observe that by weight considerations, all tensor fields in (|2.9|) must 
now have rank /x. 

We recall that this special proof applies only in the case where there are spe- 
cial free indices in factors S^Rijki among the tensor fields of minimum rank in 
(|2.9p . (If there were no such terms, then the regular proof of Lemma l2 .51 applies) . 
We distinguish three cases: Either p > 0, or p = 0, ci > or p = cti =0 and 
CT2 > 0. We will prove the above by an induction on the parameters (weight), 
a: Suppose that the weight of the terms in (|2.16p is —K and the real length is 
CT > 3. We assume that the Lemma holds when the equation (|2.16p consists of 
terms with weight —K', K' < K, or of terms with weight —K and real length 
fT',3 < a' < a. 

The case p > 0: We first consider the /j,-tensor fields in (|2.9p with the extra 
factor V(/)„+i contracting against a factor V^^'^^lh- Denote the index set of those 
terms by L^. We will firstly prove that: 

a;Cg'''"*^+''(Jli, . . . ,r2p,0i, . . Vii0„+i . . . Vj^0„+/3Vi^^iU. . . Vj^^^u = 0. 

(2.18) 

It suffices to prove the above for the sublinear combination of /i-tensor fields 
where V(f>u+i contracts against V'^^^fli. (|2.18p will then follows by repeating 
this step p times. 

We start by a preparatory claim: Let us denote by L^u C the index 
set of /i-tensor fields for which the factor V*^^^Sli contains a free index, say the 
index wlog. We will firstly prove that: 



alC'/'■■■'-V,,(|)u+l■■■^^,<l>u+0^^,+ ,V...\/^^^^^V = O. (2.19) 

Proof of 112.19]} : We will use the technique (introduced in subsection 3.1 of 
[7]) of "inverse integration by parts" followed by the silly divergence formula. 
Let us denote by C'g the complete contraction that arises from each (^^'*i- -v+/3 

(2) 

by formally erasing the expression V^„-^ fl^ V''f/>7/-i-i and then making all free 
indices ij,^^ , ■ ■ • , i^^^ into internal contractions cj Then, the "inverse integration 
by parts" implies a new integral equation: 

Notice that by weight considerations, if this property holds for one of the terms 
(^Mi- V.V+i - V+P^ then it will hold for all of them. 

^''^We recall that to "make a free index into an internal contraction" means that we add 
a derivative V^^^ onto the factor Ti^ to which the free index belongs. The new derivative 
index V'» is then contracted against the index in Ti^ . 
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E diC'g + E + E = 0- (2.20) 

Here the complete contractions indexed in J have length cr + u, u factors V0m 
but are simply subsequent to the simple character Ksimp- The terms indexed in 
Z either have length > a + u + 1 or have length a + u, but also at least one 
factor V^^V/i with B >2. 

Now, in the above, we consider the complete contractions indexed in L^u C 
and we "pull out" the expression AVtriiV*0n+i to write: 

E = E • (AVt^iivVi). 

Now, we consider the silly divergence formula applied to (|2.20p obtained by 
integrating by parts with respect to the function f2i. If we denote the integrand 
in (|2.20p by Fg, we denote the resulting (local) equation by silly[Fg] ~ 0. We 
consider the sublinear combination siUy*[Fg] which consists of terms with length 
a + u, fi internal contractions and u — 1 + P factors V(/)/j, h > 2 and a factor 
A(/)u+i. Clearly, this sublinear combination must vanish separately modulo 
longer terms: 

silly*[Fg] = 0. 
The above equation can be expressed as: 

Spread"^" '^^ [ E ^'^g] ' ' A<^"+i = 0- (2-21) 

(Here Spread^ is a formal operation that acts on complete contractions in 
the form pTS)) by hitting a factor T in the form V(™'i?ijfci or V'^'^rj/i with a 
derivative V and then hitting another factor T' 7^ T in the form V^™''^ Rijki or 
V*^P^r2/i by a derivative which contracts against V and then adding over all 
the terms we can thus obtain.) Now, using the fact that (|2.2ip holds formally, 
we derive!^ 

E = 0- (2-22) 

Thus, applying the operation Sub^ A* ~ 1 times to the above and then multiply- 
ing by Viji2riiV*^yV'^(/)„+i we derive (|2.19p . So for the rest of this proof we 
may assume that L^j = 0. 

Now we prove our claim under the additional assumption that for the tensor 
fields indexed in L^, the factor V'-^-'fii contains no free index. 

We again refer to the equation (|2.20p and perform integrations by parts 
with respect to the factor V^^-'fii. We denote the resulting local equation 
by silly[Lg] = 0. We pick out the sublinear combination silly*[Lg] of terms 

■^^This can be proven by using the operation Erase[. . .], see the Appendix in [B]. 



/ 
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with a + u factors, u + (3 factors S/(f>h, M internal contractions, with u + (3 — 1 
factors V(j)h ,h>2 and a factor A^i . This sublinear combination must vanish 
separately, silly*[Lg] = 0; the resulting new true equation can be described 
easily: Let us denote by Cg^^ the 1-vector field that arises from - v ^ ; g j^^^^ 

by formally erasing the factor V^^ fiiV*(/)i, making the index ^ that contracted 
against j into a free index , and making all the free indices , . . . , into 
internal contractions. (Denote by K^^^p the simple character of these vector 
fields). Then the equation silly*[Lg] = can be expressed in the form: 

ai{Xdtv,,C'g^'}Acl),+Y,ajClAcl>i^O; (2.23) 

here the complete contractions C| are simply subsequent to k.'^^^^. The above 
holds modulo terms of length > a + u + 1. Now, we apply the operation Sub^^ 
fjL times (see the Appendix in 3'). In the case cr > 3, applying the inductive 
assumption of our Lemma 12.61 to the resulting equation (notice that the above 
falls under the inductive assumption of this Lemma since we have lowered the 
weight in absolute value; we ensure that Lemma can be applied by just label- 
ing one of the factors Vw into V0„+i. We derive (due to weight considerations) 
that there can not he tensor fields of higher rank, thus: 

aiSuh'ir^[C'g'']^,,vA^^ = 0. (2.24) 

Now, formally replacing the factor Vi^u by V^^|riiV*0i, and then setting oj = v, 
we derive the claim of our Lemma. In the case tr = 3 (|2.24p follows by inspec- 
tion, since the only two possible cases are (T2 = 2 and cti — 2; in the first case 
there are only two possible tensors field in while in the second there are four. 
The equation (|2.23|) (by inspection) implies that the coefficients of all these ten- 
sor fields must vanish, which is equivalent to (|2.24|) . 

Now, we will prove our claim under the additional assumption — % (still 
for p > {)). We again refer to (|2.20p and again consider the same equation 
silly[Lg\ = as above. We now pick out the sublinear combination of terms 
with a + u factors, u + (3 factors V4>h, and /i internal contractions. We derive: 

Y aiXdivj^Xdivj^C^g^^^^ + Y ^i^'i = (2-25) 
leLf, eJ 

here the terms Cg'^^^^ arise from the ^-tensor fields (j^^^'"^^ by replacing all 

(2) 

fjL free indices by internal contractions, erasing the factor V^-^, fii and making 
the indices , into free indices ^'^ . Now, applying Suh^^ /i times, and then 
applying the inductive assumption of Lemma 4.10 12.61 (this applies by length 
considerations as above for tr > 3; while if cr = 3 the claim (|2.26p will again 
follow by inspection) we derive: 
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(2.26) 



Replacing the expression Vj-^vVj^v by a factor '^j-^j2^2 and then setting uj — 
we derive our claim in this case p > 0. 

The case p ~ 0, cti > 0: We will reduce ourselves to the previous case: 
We let the index set of /i-tensor fields where the factor Ti = S^,Rijki'^^(f>i 
contains a special free index (say the index k is the free index i^^-^ wlog). We 
will prove our claim for the index set Lj^; if we can prove this, then clearly our 
Lemma will follow by induction. 

To prove this claim, we consider the first conformal variation of our hypoth- 
esis, ImageylLg] = 0, and we pick out the sublinear combination of terms with 
length (T + U + (3, with the factor V^''-'S'*i?ijfci V'0i has been replaced by a factor 
V('^+^)F, and the factor V0i now contracts against a factor T2 = Rijki- This 
sublinear combination vanishes separately, thus we derive a new local equation. 
To describe the resulting equation, we denote by 

cl'''-'''+'-'^+'(Y,(j,i, 0„)V,,0„+i . . . V,^0„+^ the (/z - l)-tensor field that 
arises from by formally replacing the factor by and also adding a derivative 
index Vj„ onto the factor T2 = Rijki and then contracting that index against a 
factor V01. Denote the {u — l)-simple character of the above (the one defined 
by ■ • ■ , V(/)„) by li'simp- We then have an equation: 

aiXdiv,fj^2 ■ ■ ■ Xdiv^i^^^^Cg'''-"''''^'^^"''''"^'^ (Y, (1)1, . . . ,0„)Vii0„+i . . . Vi^0„+/5 
+ ^ a^Xdivi^^^ . . . XdiUj^^^Cg*^' ■■*"+"(!", ^i, . . . , 4>u)^ii4>u+i ■ ■ ■ ^ip+^ipu+p 

heH 

+ X! ajCg'''+''"'''^''{Y, 01, ... , </)„)Vi^_^,(/)„+i . . . Vi^^f,(j)u+i3- 

(2.27) 

The terms indexed in H are acceptable, have a (u — l)-simple character k!^^^^ 
and the factor contracts against the index i in the factor T2 = Rijki ; writing 
that factor as S^^Rijki'^^f/)!, we denote the resulting w-simple factor by ksimp- 
The terms indexed in J are simply subsequent to K'^imp- Now, applying the 
inductive assumption of Lemma we derive that: 

^ a/,. Cg (y, 01, . . . , 0„)V,;i(/)„+i . . . V,^^i(/)„+/3Vj3_^iU . . . ^iff+^v = 0. 

(2.28) 

^^The terms indexed in are now simply subsequent to kgimp- 
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Thus, we may assume wlog that iJ = in (|2.27p . Now, we again apply Lemma 
12.61 to (|2.27[) (under that additional assumption), and we derive that: 

^ „^C.Mi...Wi...v+^(y^ _ (/.„)Vi0„+i . . . V,,^,(/.„+^V,,+,z; . . . V.^^^v = 

(2.29) 

Now, erasing the factor V0i from the above, and then formally replacing the 
factor vf^Y by S'*i?i(Qf,)/ V*0i V'u, we derive our claim. 

The case p — Q,(Ti — 0: In this case a — a2- In other words, all factors 
in Ksimp are simple factors in the form S^,Rijki'^^4'h- We recall that in this 
case all /^-tensor fields in (|2.9p must have at most one free index in any factor 
S^,Rijki- In that case, we will prove our claim in a more convoluted manner, 
again reducing ourselves to the inductive assumption of Proposition 2.1 in [6]. 

A key observation is the following: By the definition of the special cases, 
/z + /3 < (T2 . In the case of strict inequality, we see (by a counting argument) 
that at least one of the special indices in one of the factors Sa.Rijki must contract 
against a special index in another factor S^Rabcd- In the case + = (T2 this re- 
mains true, except for the terms for which the (3 factors "S/cjiu+h contract against 
special indices, say the indices fe, in /3 factors Ty = SifRiMV^4'y, and moreover 
these factors must not contain a free index, and all other factors Si,Riki contain 
exactly one free index, which must be special. In this subcase, we will prove 
our claim for all /i-tensor fields excluding this particular "bad" sublinear com- 
bination; we will prove our claim for this sublinear combination in the end. 

We will now proceed to normalize the different (/i + /3)-tensor fields in (|2.9p . 
A normalized tensor field will be in the form (jl.6p . with possibly certain pairs 
of indices in certain of the factors S^Rijki being symmetrized. 

Let us first introduce some definitions: Given each - j-g-j, ^.j^g 

factors Ti, . . . in the form S<,Riki. Here Ta is the factor for which the index 
i is contracting against the factor V^a- We say that factors S^Riu are type I if 
they contain no free index. We say they are of type II if they contain a special 
free index. We say they are of type III if they contain a non-special free index. 

Given any tensor field (^^-'i - 'f the form (|1.6p . pick out the pairs of factors, 
Ta^Tp in the form S^Rijki for which a special index in Ta contracts against a 
a special index in Tp. (Call such particular contractions "special-to-special" 
particular contractions). Now, in any - -^q define an ordering among 
all its factors S^RijkV- The factor Ta — S^.RikiV^ff'a is more important than 
Tb = S^.Ri'j'k'f'V' if a < b. 

Now, consider a tensor field - nj^d list out all the pairs of factors Ta, Tb 
with a special-to-special particular contraction. We say that {Ta, Tb) is the most 
important pair of factors with a special-to-special particular contractiorF^ if any 
other such pair (Tc, Td)!^^ has either Tc being less important than Ta or Ta = T^ 

•^"Asume wlog that Ta is more important than T(, 

■^^ Again assume wlog that is more important than T^. 
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and Td less important than T;,. 

Now, consider a tensor field - ^nd consider the most important pair 
of factors (Tq, Tjy) with a special-to-special particular contraction. Assume wlog 
that the index / in Ta = Si,Rijki^^4'a contracts against the index ;/ in T), = 
S:,Ri'j>k'i'y^ 06- We say that Cg^^'"^" is normahzed if both factors Ta,Th are 
normalized. The factor Ta — S<tRiki^^4'a is normalized if: Either the index j 
contracts against a factor Tc which is more important than Tb, or if the indices 
are symmetrized. If Ta is of type II, then we require that the index j in 
Tf, = 5'*i?y(jree)i must be contracting against a special index of some other 
factor Tc, and moreover Tc must be more important than Tft. If Ta is of type 
///, then it is automatically normalized. The same definition applies to Tj,, 
where any reference to Tf, must be replaced by a reference to Ta- 

Let us now prove that we may assume wlog that all /i-tcnsor fields in (|2.9p 
are normalized: Consider a (^^'^i - *'' (|2.9p for which the most important pair 
of factors with a special-to-special particular contraction is the pair (Ta,Th). 
We will prove that we can write: 

^^,^l...v+^ ^ ^^^^^Mi...^.+,3. (2.30) 

teT 

here the term - normalized, the most important pair of factors with 

a special-to-special particular contraction is the pair {Ta,Ti,), and moreover its 
refined double character is the same as for Cg-''^+^_ Each Cg-''^+^ has 
either the same, or a doubly subsequent refined double character to (7^'*^ ■■ '''+'' ; 
moreover in the first case its most important pair of factors with a special- 
to-special particular contraction will be less important than the pair (Ta,Th). 
In the second case the most important pair will either be {Ta,Th) or a less 
important pair. 

Clearly, if we can prove the above, then by iterative repetition we may assume 
wlog that all (/i + /9)-tensor fields in (|2.9p are normalized. 

Proof of 112. 30\) : Pick out the most important pair of factors with a special- 
to-special particular contraction is the pair (Ta,Tb) in (7^'*i - v+/3 j^^^ first 
normalize Ta- If Ta is of type III, there is nothing to do. If it is of type II 
and already normalized, there is again nothing to do. If it is of type II and not 
normalized, then we interchange the indices j,k- The resulting factor is nor- 
malized. The correction term we obtain by virtue of the first Bianchi identity is 
also normalized (it is of type III). Moreover, the resulting tensor field is doubly 
subsequent to - V +/3 _ pijjg^Uy^ jf ^jjg factor Ta is of type I, we inquire on the 
factor Tc against which j in Ta = S^:Rijki contracts: If it is more important than 
Tf,, then we leave Ta as it is; it is already normalized. If not, we symmetrize 
j,k- The resulting tensor field is normalized. The correction term we obtain 
by virtue of the first Bianchi identity will then have the same refined double 
character as (j^^'^'^-'-'^t^+f ^ a,nd moreover its most important pair of factors with a 
special-to-special particular contraction is less important than that pair {Ta, Tf,). 
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We now prove the claim of Lemma 12.61 in this special case, under the ad- 
ditional assumption that all tensor fields in (|2.9|) are normalized. We list out 
the most important pair of special-to-special particular contractions in each 
and denote it by (a, b)i. We let {a, (3) stand for the lexicographicaly 
minimal pair among the list (a, 6);, I G L^. We denote by C the index 

set of terms with a special-to-spccial particular contraction among the terms 
Ta,Tfi. We wiU prove that: 

^ aidf'-'^+''^,,v...V,^v = 0. (2.31) 

Clearly, the above will imply our claim, by iterative repetitionF^ 

Proof of i2.31]) : Consider Imagey^ yal^fl ~ ^ ^^"^ P^*^^ '^^^ sublinear 
combination where the factors Tq, Tp are replaced by V^'^-'Yi®!?, V'^^^Y2®g, and 
the two factors V(t>a, '^4>i3 contract against each other. The resulting sublinear 
combination must vanish separately. We erase the expression Vt^aV'^/slfl and 
derive a new true eqation which will be in the form: 



aiXdiv,, . . . Xdiv.^cY'-"'^' Fi, 12) + ^ ajCl{^li,Yi,Y2) - 0; 

(2.32) 

here the tensor fields (7^'*i-v+/3 (^^^^Yi^ Y2) arise from the tensor fields (jg'^^'"^'^^'^ 
by replacing the expression 

V^(j)aS^:RijM ^S^^Ri'jkV^ 4'p by an expression VjfeYi ®Vj'k'Y2 (notice we have 
lowered the weight in absolute value). 

Now, applying the inductive assumption of Lemma 12.61 to the above we 
derive: 

^ aiCl'''-'^'+^{nuYi,Y2)y,,v...V,^v^0; (2.33) 

The proof of (|2.3ip is only one step away. Let us start with an important 
observation: For each given complete contraction above, examine the factor 
Vi^^Yi; it either contracts against no factor Vw or one factor Vwlfl In the 
first case, the factor VzJYi must have arisen from a factor S^Rijki of type 
L In fact, the indices z^x correspond to the indices j,k in the original factor, 
and we can even determine their position: Since the pair (a, (3) is the most 
important pair in (j2.9p . at most one of the indices zix can contract against a 
special index in a more important factor than T^. If one of them does (say z), 

^^In the subcase fi + f3 = a2 it will only imply it for the "excluded" sublinear combination 
defined above. 

•^^Denote the resulting (u — 2)-simple character by 
•^^We have lowered the weight in absolute value. 

^^The two corresponding sublinear combinations vanish separately, of course. 
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then that index must have been the index j in Ta = S^^Riki- If none of them 
does, then the two indices z, x must be symmetrized over, since the two indices 
j,k in Ta to which they correspond were symmetrized over. Now, these two 
separate subhnear combinations in (j2.33p must vanish separately (this can be 
proven using the eraser fro the Appendix in [5), and furthermore in the first 
case, we may assume that the index ^ (which contracts against a special index 
in a more important factor than Tp) occupies the leftmost position in VzxYi 
and is not permuted in the formal permutations of indices that make (|2.33p hold 
formally). 

On the other hand, consider the terms in (|2.33p with the factor V^^^Yi con- 
tracting against a factor Vu. By examining the index y in the factor v|,(^ Yi V*f, 
we can determine the type of factor in (7^'*i - V+/3 fj-gni which the factor V^^-'Yi 
arose: If the index y is contracting against a special index in a factor S^^Rijki 
which is more important than T^, then V'^'Fl can only have arisen from a factor 
of type II in (7^'*i - V+/3 ^ ia,ci^ the index y in V*^^^Yi must correspond to the 
index j in S<,Rij(fj.ee)i Ta- If the index y in V^^''YiV*u does not contract 
against a special index in a factor Tc which is more important than Tp, then 
the factor V^^^Yi can only have arisen from a factor of type III in - 
In fact, the index y in V'^-'Yi must correspond to the index k in >S'*i?i(/,ee)fci in 

r„. 

The same analysis can be repeated for the factor V*^^-'y2, with any reference 
to the factor Tp now replaced by the factor Ta- 

In view of the above analysis, we can break the LHS of (|2.33p into four sublin- 
ear combinations which vanish separately (depending on whether V'^^-'Fi, V*^^-'y2 
contract against a factor Vt; or not). Then in each of the four sublinear combi- 
nations, we can arrange that in the formal permutations that make the LHS of 
(|2.33p formally zero, the two indices in the factors V'^^-'Yi, V'^^^l2 are not per- 
muted (by virtue of the remarks above). In view of this and the analysis in the 

(2) (2) 

previous paragraph, we can then replace the two factors VzxYi,VqwY2 by an 
expression V^4'aS^Rizxi 'S> S^Ri'qJ'V'^ (j)p, in such a way that the resulting lin- 
ear combination vanishes formally without permuting the two indices q-,w,q',w'- 
This proves our claim, except for the subcase /i -f /3 = (T2 where we only derive 
our claim for all terms except for the "bad sublinear combination" . We now 
prove our claim for that. 

We then break up the LHS of (|2.16p according to which factor Tg the factor 
V0ti+i contracts-denote the index set of those terms by . Denote the result- 
ing sublinear combinations by , K = 1, . . . , (T2- Given any K, we consider 
the eqation ImageylLg] = 0, and we pick out the sublinear combination where 
the term V^^^ S^^Rijki'V^cf'K, is replaced by V^-^+^^F, and the factor V^a- now 
contracts against the factor V(/)„+i. This sublinear combination must vanish 
separately. We then again perform the "inverse integration by parts" to this 
true equation (deriving an integral equation) , and then we consider the silly di- 
vergence formula for this integral equation, obtained by integrating by parts with 
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respect to V^^^K. We pick out the sublinear combination with a + u + f3 factors, 
/J, internal contractions and m + /3 factors V(/)/,., and a expression '^g'Pu+i'^^'pK 
This gives us a new true local equation: 

aiX^diVj,X^divj,Cl'^'^^ + ^ a^C^ = 0. (2.34) 

Here the tensor fields arise from - v by formally replacing all free 

indices by internal contractions, and also replacing the expression V x(t>u+i ® 
S*Ri(jk)^y^(t>K by Vx4>u+i'^^<t>K O y, and then making the indices ^ ,^ that 
contracted against j,k into free indices ^i,-'^. X^divj stands for the sublinear 
combination in Xdivj where is not allowed to hit the factor Y. Now, applying 
the inductive assumption of Lemma [2?6l to the above|f^ we derive that: 

Now, we replace the expression V^0if V^^^^+i VjjWVjjWy by 
'^^4>u+iS*Ri{j^j^)i^^4'K and then replacing all internal contractions by factors 
Wv (applying the operation Suh.^ from the Appendix in [3]). The resulting (true) 
equation is precisely our remaining claim for the "bad" sublinear combination. 
□ 

2.3 Proof of Lemmas 4.6, 4.8 in [6]: The main part. 

We first write down the form of the complete and partial contractions that we 
are dealing with in Lemmas 12.11 and 12.31 In the setting of Lemma 12.11 we recall 
that the tensor fields (7'»:«i- -«q indexed in H2 (in the hypothesis of Lemma [2. ip 
are all partial contractions in the form: 

pconir(V("i)i?,jW ® • • • V("-i)%fcz ® SM'''^R^Jkl » • • • ® ^^V^'-'^i?,,,.,® 
V^'i^lli ^■■■® V^^^'^Q.p ® VY® 

V</),, • • • ® V0,, ® V^;^.^^ ® • • • V0;^^^ ®---® V^,,^,^, (g. • • • ® V^,,^,^J, 

(2.35) 

where we let f + d -\- y = u' . The main assumption here is that all tensor fields 
have the same u'-simple character (the one defined by V0i, . . . , Vi/)^'), which 
we denote by K^j„p. The other main assumption is that if we formally treat the 
factor VY as a function V(/>„+i, then the hypothesis of Lemma [2. II falls under 
the inductive assumptions of Proposition fTTTl (i.e. the weight, real length, <i> and 
p are as in our inductive assumption of Proposition II. ip . 

In the setting of Lemma l2.3l we recall that we are dealing with complete and 
partial contractions in the form: 

•^^We have lowered the weight in absolute value. 
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V0^, •••(g) V(/)^^ ® V0;^_^^ (g) • • • (g V(f>',^^^ eg) • • • ® ^^^+,+1 g) • • • (g J, 

(2.36) 

where we let f + d + y = u' . The main assumption here is that all partial con- 
tractions have the same w'-simple character (the one defined by V(/)i, . . . , V(/)„'), 
which we denote by k^^^- The other main assumption is that if we formally 
treat the factors Vti;i,Vu;2 as factors V(/)u+i, V</>ii+2) then the hypothesis of 
Lemma 12.31 falls under the inductive assumptions of Proposition 11.11 (i.e. the 
weight, real length, $ and p are as in our inductive assumption of Proposition 

Note: From now on, we will be writing u' — u, for simplicity. We will also 
be writing — Ksimp, for simplicity. We will also be labelling the indices 

New induction: We will now prove the two Lemmas 12.11 12.31 by a new in- 
duction on the weight of the complete contractions in the hypotheses of those 
Lemmas. We will assume that these two Lemmas are true when the weight of 
the complete contractions in their hypotheses is —W, for any W < K < n. We 
will then show our Lemmas for weight —K. 

Reduce Lemma \2.1\ to two Lemmas: In order to show Lemma ETJ we further 
break up H2 into subsets: We say that h € H2 if and only if (7''^«t+i - «q+i jjg^g 
a free index ( say the free index ^^^^ wlog) belonging to the factor VF. On 
the other hand, we say that h £ H2 if the index in the factor VY is not free. 
Lemma 12.11 will then follow from Lemmas 12. 7[ 12.81 below: 

Lemma 2.7 There exists a linear combination oj acceptable (a — tt 4- \)-tensor 
fields, X]t,6V a^Cg'*"^^'"*"^^ (ili, . . . , i7p, y, 0i, . . . , where the index i^^^ be- 
longs to the factor Vy, with a simple character Hsimp, so that: 

J2 ahC^/-^^-'-+' (f^i, . . . , rip, r, (/-i, . . . , 0„)V,,^,u . . . V,„+,i; = 

a^XA^^,Cl''-+'-'-^K^i, . . . , rip, F, (/-i, . . . , 4>u)y^^+,v. . . V,„^,u+ 
a,Cf (f^i, . . . , rip, r, (/.I, . . . , 0„)V.,+iU . . . V^^^,v. 

(2.37) 

Each is simply subsequent to Ksimp- 



28 



We observe that if we can show our first claim, then we can assume, with 
no loss of generality, that H| — 0, since it immediately follows from the above 
that: 

^ ahX.div,^^, . . . X,dzw,„^,Cg^'^"+i-*°+i . . . , rip, y, 01, . . . , 0„) = 

heH^ 

^ a^X^div^^^^ . . . X^divi^^^X^div^^^^Cg'''^+^--''''+^ {ni, . . . , lip, F, . . . 

vev 

(2.38) 

where each complete contraction is subsequent to 

^simp ■ (Note that one of 

the free indices in the tensor fields ^^\\ belong to the factor VF). 

Second claim, in the setting of Lemma 12.11 

Lemma 2.8 We assume iJf = 0- We then claim that modulo complete con- 
tractions of length > a + u + \ : 

ahCf {n^, . . . , rip, y, 01, . . . , q}u)y^^+^v. . . v,„+,u = 

heH2 

J2 atX*d«««„+,C*'*-+i-"°+^(r!i, . . . , rip, r, 01, . . . , 0„)V,,^,u . . . V,„+,u+ 
teT 

^ajC^(f^i, . . . ,rip,y, 01, . . . ,0„), 

(2.39) 

where each C'-> is acceptable and subsequent to Ksimp- 

We observe that if we can show the above two Lemmas then Lemma 12.11 
will follow. (Notice that replacing by the RHS of (|2.38|) into the hypothesis of 
Lemma |2. 11 we do not introduce 1-forbiddcn terms). 

We make two analogous claims for Lemma [2.31 

Reduce Lemma \2.3\ to two Lemmas: We say that h G -fff if and only if 
(jh,i„+i...io,+i j^g^g ^ j:j.gg jjjjjex belonging to one of the factors Vwi,Vti'2- On 
the other hand, we say that h G H2 if in none of the factors Vu!i,\7llJ2 in 
(jh,i^+i...ia+i contains a free index. (Observe that we may assume with no loss 
of generality that there are no tensor fields (7''.«T+i - *a+i -^vith free indices in 
both factors Vwi , Va;2-this is by virtue of the anti-symmetry of the factors 
Vwi, Va;2)- We make two claims. Firstly: 



29 



Lemma 2.9 There is a linear combination of acceptable (a — tt + l)-tensor 
fields, X;^gvai)C'3''"*''"'°^''(f^i,---,^^p, [wi,W2],0i,.--,<^u), in the form h2.35]) 
with a simple character Ksimp, so that: 

OhX+div,^^, . . . X+dro^„+iC^'*''+i-'°+i {fli, ...,np, [uji,uj2],(l)i, ...,<j)u) = 
a^X+divi^^^ . . . X+divi^_^^X+divi^^^Cg'^'"^'----'-''+^ {Ui, . . . ,fip, [wi,t^2], (/-i, ■ • ■ , 
+ OqX+div,^^^ . . . X+div,^^^CI-'^+'---'''+' (ni, . . . , lip, V+[wi, ^^2], (/-i, ■ • ■ ,^u) 

(2.40) 

(Recall that by definition the complete contractions indexed in Q have a factor 
V(2)u;i;. 

We observe that if we can show our first claim, then we can, with no loss of 
generality, assume that H2 = 0. 
Second claim: 

Lemma 2.10 We assume iJf = 0, and that for some k > 1, we can write: 
Y a^X+div,^^, . . . X+diw,„_^iC^''''"+i-*"+i {rti, ...,np, [wi, t^a], 01, •■•>«) 
+ Y atX+div,^^^ . . . X+div,^^^Cl''^+^---'"'+'' {ni, . . . ,l)p, [cji , W2] , (/-i , ...,</)„) 
+ Y CLqX+div^+i . . . X+dw^^^^^C^'^'+i-^^+i {Qi, . . . , rjp, V+[wi, W2], 01, ...,(j)u) 

(2.41) 

where the last two linear combinations on the right hand side of the above are 
generic linear combinations in the form described in the claim of Lemma \2.3^^ 
On the other hand, ^^^j,^ ajCg' "^'^ (fii, . . . , fip, [wi, W2], 0i, • • • , 0u) is a 
linear combination of acceptable (a — t: + k) -tensor fields in the form i2.36]} with 
a simple character Ksimp , and with two anti- symmetric factors Vwi , VLO2 which 
do not contain a free index. We then claim that modulo complete contractions 
of length > a + u + 1 we can write: 

3''In Lemma [Z3l Q is called V. 
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^ atX+dm^^, . . . X+dm^^^^^C*/^+^-'-+''+^ i^i,---, ^p, [wi, (/-i, • • ■ , (t)u) 

(2.42) 

with the same notational conventions as above. 

We observe that if we can show the above two claims, then Lemma [2731 will 
follow by iterative repetition of the second claim. 
We will now show the four Lemmas above. 

Proof of Lemmas \2.8\ and \2.10[ Lemma is a direct consequence of Lemma 
4.10 in [6j|ff| Lemma [2.101 can be proven in two steps: Firstly, by Lemma [2.51 
we derive that there exists a linear combination of acceptable (a + k + l)-tensor 
fields (indexed in X below) with a u-simple character Ksimp so that: 

atcl'^^-'^^^ini, [c.i,c.2], 01, . . . , cj,u)y^,v . . . v^^^.v- 

Y atX,dzw,„^,^,C*'^-+i-""+'=+i (f^i, . . . , rip, [c^i,c^2]>i, . . . , 0«)V,,u . . . \7,^^^v 

+ J2 «jCg(f^l, ■■■,i^p, [c^l, W2], ...,(/)„, u"+'=), 

(2.43) 

where the complete contractions indexed in J have length a + a + k + 1 and are 
simply subsequent to Ksimp- 

Then, making the factors Vu in the above into X+divs, we derive Lemma 

mni □ 

Proof of Lemma \2. 7\ 

We have denoted by Ksimp the simple character of our tensor fields. We 
distinguish two cases: In case A there is a factor V^'^-'iJyfci in Ksimp, and in 
case B there is no such factor. 

We denote a + 1 — j, for brevity. 

Observe that our hypotheses on the tensor fields in the equation in Lemma 1 2. II not being 
"bad" ensure that we do not fall under the "forbidden" cases of Lemma 4.10 in j6]. 
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Now we break the set i?2 i^i^o subsets: In case A we say that h G H^'^ if 
and only if VY is contracting against an internal index of a factor V^^"-") Rijki- 
In case B we say that h £ H^'^ if and only if Vy is contracting against one of 
the indices fc,; in a factor S^V'-''^ Rijki- 

We define H^'~ = \ H^^. 

In each of the above cases and subcases we treat the function VF as a 
function V0„+i in our Lemma hypothesis. Then, by applying the first claim in 
Lemma 4.10 in [6jff| to our Lemma hypothesis and then making the Vws into 
Xi,divs, we derive that we can write: 

x.div,^^, . . . x.div,^ J2 a,,Cg^'^"+i-^-*- [ni, . . . , rip, r, 01, . . . , 4>^) = 

(2.44) 

where YliheH''-'''^ a/iCg'''"^^ "*°''^(r2i, . . . , VLp, Y, (pi, . . . , <j)u) stands for a generic 
linear combination as defined above (i.e. it is in the general form X^heH'' • ■ ■ 
the factor VF is not contracting against a special index in any factor V'^'"^^ Rijki 
or S^y'^"') R,jki^ On the other hand, each C^ (ni, . . . , flp, F, (/.i, . . . , 0„) is a 
complete contraction with a simple character that is subsequent to Ksimp- 

Thus, by virtue of (|2.44p . we reduce ourselves to the case where h!^'^ = 0. 
We will then show Lemma [2.71 separatelv in cases A and B, under the assump- 
tion that H^^ = 0. 

Proof of Lemma \27T\ in case A: We will define the C-crucial factor, for the 
purposes of this proof only: We denote by Set the set of numbers u for which 
V0ti is contracting against one of the factors V'^"^^ Rijki- If Set ^ 0, we define 
it+ to be the minimum element of Set, and we pick out the factor V^™^ Rijki in 
each C'' against which V0„_|_ contracts. We call that factor V^"^'' Rijki C-crucial. 
If Set = 0, we will say the C-crucial factors and will mean any of the factors 

Now, we pick out the subset H2'* C which is defined by the rule: h g 
if and only if VF is contracting against the (one of the) C-crucial factor(s). 
Now, for each h G iJf we denote by 

ffiMv,^Cg^'*'+i-^=+i(rii, . . . , sip,F, 01, . . . , 0„) 

^^By weight considerations, since we started out with no "bad terms" in Lemma 12. II we 
will not encounter no "forbidden tensor fields" for Lemma 4.10 in [6]. 

* Recall that a special index in a factor V(™)Ri jfc; is an internal index, while a special 
index in a factor S^V^-'^Riiki 

is an index , j . 
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the sublinear combination in X^.divi^C^'^"*^'"^"'^^ (fJi, . . . , J7p, Y, 0i, . . . , that 
arises when V^^ hits the (one of the) C-crucial factor It then follows that: 

ajMiv,^^, . . . X,div,^mtdiv,_^C^''-^'-'-^H^i, . . . , f^p, 01, . . . , ^u) 

+ ahX.div,^^, . . . x,div,^c^g^'-^^-'-+' (ni, . . . , rip, r, 01, . . . , 0„)+ 
^a,c^(r!i,...,Qp,y,0i,...,0„), 

(2.45) 

where each has the factor VF contracting against the C-crucial factor 
W^^^^ Rijki and is simply subsequent to Ksimp- 

We now denote the {u + l)-simple character (the one defined by V0i,. . . 
,V0u+i = VY) of the tensor fields HitdiVi^Cg'^"'^^'"^'"^'' {VLi, . . . , r^p, F, 0i, . . . , 0„) 
by K'simp- (Observe that they all have the same {u + l)-simple character). 

We observe that just applying Corollary 1 in [6] to (12.451) (all tensor fields are 
acceptable and have the same simple character K^j„p)|fj we obtain an equation: 



J2 ahmtdiv,.c''/-^^-'-{^u . . . , rip, r, 01, . . . , 0„)v,^+,u . . . v,„u+ 

heH^ 

Y auXdiv,^^,C";''-+'-'-''-+' (r!i, . . . , rip, r, 01, . . . , 0„)V,,+,^; . . . V,„t; = 
ueu 

Y fljCf (rii, . . . , rip, y, 01, . . . , 0„)v,,+,^; . . . v.^u = o, 

(2.46) 

where the tensor fields indexed in U are acceptable (we are treating VY as a 
factor V0„+i), have a simple character Kgi^p ^^'^ each is simply subsequent 

to '^'simp- 

But then, our first claim follows almost immediately. We recall the operation 
Erase-^Y [• ■ • ] from the Appendix in [3 which acts on the complete contractions 
in the above by erasing the factor VF and the (derivative) index that it contracts 
against. Then, since (|2.46p holds formally, we have that the tensor field required 
for Lemma [2771 is: 



Y a^Erase^Y[C^''-+'-''"'-^' (f^i, . . . , rip, y, 0i, . . . , 0„)] • V,^y 



Recall that is the free index that belongs to \'Y. 

Notice that by weight considerations, since we started out with no "bad" terms in the 
hypothesis of Lemma 12.11 there is no danger of falling under a "forbidden case" of that 
Corollary. 
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Proof of Lemma \2.7\ in case B: We again distinguish two subcases: In subcase 
(i) there is some non-simple factor S^,^^''^ Rijki in Ksimp or a non-simple factor 
V^^-'ria; contracting against two factors V0'^ in Ksimp- In subcase (m) there are 
no such factors. 

In the subcase (i), we arbitrarily pick out one factor S^Sl'^"'' Riju or V'^^^^x 
with the properties described above and call it the D-crucial factor. In this first 
subcase we will show our claim for the whole sublinear combination X^^ie-f/" • ■ ■ 
in one piece. 

In the subcase {ii), we will introduce some notation: We will examine each 
factor T = S^V^"'' R^jki, T = V^^^fi^ in each tensor field Cg''"-^'-'"''"*^ and 
define its "measure" as follows: If T = S^V'-''^R,jki then its "measure" will stand 
for its total number of free indices plus ^. If T = V^'^'TJj. then its "measure" 
will stand for its total number of free indices plus the number of factors V^^ 
against which it is contracting. 

We divide the index set iJf into subsets according to the measure of any 
given factor. We denote by M the maximum measure among all factors among 
the tensor fields Cg''^+^-'°"'°'+\ h £ H^. We denote by H^^* C the index set 
of the tensor fields which contain a factor of maximum measure. We will show 
the claim of Lemma 12.71 for the sublinear combination X^/ig//^ * ■ ■ ■ ■ Clearly, if 
we can do this, then Lemma 12.71 will follow by induction. 

We will prove Lemma [^771 in the second subcase (which is the hardest). The 
proof in the first subcase follows by the same argument, only by disregarding 
any reference to M free indices belonging to a given factor etc. 

Proof of Lemma \2. 7| in case B for the sublinear combination X^/ieij^-* • ■ ■ •' 

We will further divide H^'* into subsets, H^'*'^ , k = 1, . . . , cr, according to 
the factor of maximum measure: Firstly, we order the factors S^.'V^'^^Rijki, . . . 
V'^P'Tlh in iisimp, and label them Ti, . . . , T^- (observe each factor is well-defined 
in Ksimp, because we are in case B). We then say that h G TJj '*'^ if in (7^ 
the factor Ti has measure M. We say say that h G H!^'*'^ if in - 
factor T2 has measure M and Ti has measure less than M, etc. We will then 
prove our claim for each of the index sets h G We arbitrarily pick a 

k < K and show our claim for ■ • ■ ■ 

For the purposes of this proof, we call the factor Tk the D-crucial factor. 

Now, we pick out the subset C which is defined by the rule: h G 
if and only if VY is contracting against the D-crucial factor T^. 

Now, for each h G we denote by 

the sublinear combination in Xdivi_^,Cg'^"'^^"'^°'^^ (f2i, . . . , fJp, Y,(j}i, . . . , 0„) that 
arises when V^^ hits the D-crucial factorF^ It then follows that: 

Again we observe that if we can prove this then Lemma 12.71 in case B will follow by 
induction. 

■^^Recall that = i^^j belongs to W by hypothesis. 
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J2 ahXdiv,^^, . . . Xdiv,^Hitdiv,^C^''-+^-'-^^ . . . , rip, r, 01, . . . , 0„) 
+ Yl cihXdm^^,...Xdm_^Cl;-''-+'---'-+'{ni,...,rip,Y,cj}i,...,cbu)+ 
^ajC^(f^i, . . .,ilp,Y,<j>i, . . .,(l)u), 

(2.47) 

where each C| has the factor VY contracting against the D-crucial factor and 
is simply subsequent to Ksimp- 

We now denote the {u + l)-simple character (the one defined by V(/)i, . . . , 
V0„+i — VF) of the tensor fields Hitdivi^Cg'^"^^'"^'"^'' (fii, . . . , flp, Y,4>i, . . . , 0„) 
by H'simp- (Observe that they all have the same (w + l)-simple character). 

We apply Corollary 1 in [6j to (|2.47|) (all tensor fields are acceptable and have 
the same simple character K^j^p) and then pick out the sublinear combination 
where there are M factors Vv or V(/)/i or V^J^ contracting against Tk , we obtain 
an equation: 



J2 ahHitdiVr_^C^-'-+'-'- (f^i, y, </>!,... , (t)u)'^^„ + ^V. ■ ■ V,„U + 

J2 a^Xdiv,^^,Cf ''+'-''-''''+' [Qi, . . . , l]p, r, 01, . . . , 0„)V,^+,w . . . V,„u = 
ueu 

a^.q/'-+--° (17i, . . . , l]p, y, 01, . . . , ^u)V,^^,v. ..V^^v^O, 

(2.48) 

where the tensor fields indexed in U are acceptable and have a simple character 
Kgimp and each is simply subsequent to Kgi^p- 

Now, observe that if M > |, we can apply the eraser to VY (see the Ap- 
pendix of [3]) and the index it is contracting against in the Z3-crucial factor and 
derive our conclusion as in case A. 

On the other hand, in the remaining case0 the above argument cannot be 
directly applied. In those cases, we derive our claim as follows: 

In the case M — 1 the D-crucial factor is of the form V'^p^Qh, then we cannot 
directly derive our claim by the above argument, because if for some tensor fields 
in U above we have WY contracting according to the pattern WiY'V'^^h'Vjfl' 
(where ip = v oi ^ = 4>h) , then we will not obtain acceptable tensor fields after 
we apply the eraser. Therefore, if M = 1 and the D-crucial factor is of the form 
V^^'^fi/i, we apply Lemma 4.6 in [Sj to (|2.48p (treating the factors Vf as factors 



° Observe that the remaining cases are when M = 0, M = i M 
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V0j3 to obtain a new equation in the form (|2.48p . where each tensor field in 
U has the factor VF is contracting against a factor V*^'^r2/i, I > 30 Then, 
applying the eraser as explained, we derive our Lemma 1 2. 71 in this case. 

When Af = i or Af = 0, then we first apply the inductive assumptions of 
Corollaries 3,2 in j6j (respectively) to (|2.48p r^l in order to assume with no loss of 
generality that for each tensor field indexed in U there, the factor VY is either 
contracting against a factor V'^'^^/i, _B > 3 or a factor S*V^'^^ Rijki, v > 1. 
Then the eraser can be applied and produces acceptable tensor fields. Hence, 
applying Erase^y to (|2.48p we derive our claim. □ 

Proof of Lemma \2.9[ 

We re- write the hypothesis of Lemma 12.31 (which is also the hypothesis of 
Lemma [2. 9p in the following form: 

a-hX^divi^,^^ . . . X*di-yi„^i{Cg ''i-'-^^+i (fii, . . . , f7p, wi, W2, (^i, . . . , (pu)- 

heH2 

Switch[C]''/-+'-'- + ' (r!i, . . . , rjp, L^l, W2, . . . , 0n)} 

= Xl^J^s^^i' ■ ■ ■ '^P' ['^I'^a],'/'!, • ■ • ,0u)- 

(2.49) 

Here the operation Switch interchanges the indices a and in the two factors 

Notational conventions: We have again denoted by -fff C H2 the index set 
of those vector fields for which one of the free indices (say i„_|_i) belongs to a 
factor Vwi or Vu;2- With no loss of generality we assume that for each h £ H2 
ic+i belongs to the factor Vwi. We can clearly do this, due to the antisymmetry 
of the factors Vwi, Vw2- 

We have defined = i?2 \ H^. For each h S we denote by T^, , T^^ the 
factors against which VcJi , Va;2 are contracting. Also, for each h £ we will 
denote by T^j^ the factor against which Vu;2 is contractingF^ 

For each h £ H2, we will call the factors T^-i,T^2 against which Vcji or 
Vw2 are contracting "problematic" in the following cases: If T^^ or T^^^ is of 
the form V'^^^^Rijki and Vcji or \/uj2 is contracting against an internal index. 
Alternatively, if T^j^ or T^j^ is of the form S^tV^"'' Rijki and the factor Vwi or 
Vw2 is contracting one of the indices fc or 

We then define a few subsets of i/j : -^2- 

''^Furthermore, we can observe that we do not fall under a "forbidden case" of Lemma 4.1 
in [6], by weight considerations, and since the tensor fields in our Lemma assumption are not 
"bad" . 

''^Note that the weight becomes less negative, hence Lemma 4.10 in |6j applies. 

**By our assumptions there will be a removable index in these cases. Hence our extra 
requirements of those Lemmas are fulfilled. 

''^Note that the definition of Ttjj,Taj2 depends on h\ however, to simplify notation we 
suppress the index h that should appear in T^-^,Tij^. 
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Definition 2.2 We define H\ to stand for the index set of the tensor fields 

'g which VcJi, Vw2 I'^e contracting against different factors and 
both T^-^ , T^^ are problematic. 

We define i?2 » -^2 index set of the tensor fields 'g 

for which T^^ is problematic. 

We define H\ ^ to stand for the index set of the tensor fields - 'g 

for which either T^^ — T^^ or T^^ ^ T^r^ and one of the factors T^^ , T^^ is 
problematic. 

Abusing notation, we will be using the symbols X^/igh'' ■ ■ ■ ^^'^ denote 
generic linear combinations as explained above, when these symbols appear in 
the right hand sides of the equations below. 

We then state three preparatory claims: 
Firstly, we claim that we can write: 

OhX+divi^^^ . . .X+(iiwi^_|_i{Cg'*"+'---'°+'(17i, . . . , r2p, wi, W2, (^i, ■•■>«) 

- Switch[c]'^-''+'-'''+' . . . , rip, wi, c^2, 01, . . . , = 

OhX+div^^^^ . . .X+dw,^_^,{C^''''+i---'°+i(f]i, . . . ,fip,wi,W2,(/)i, . . . ,0„) 

- Switch[c]Y-+'-'-+' (r!i, . . . , rip, wi, 0.2, 01, . . . , 0n)} 

+ X! ■ • ■ ' ^P' [wi, W2], 01, . . . , 0„), 

(2.50) 

where the linear combination 'YliheH'' ■ ■ ■ on the RHS stands for a generic linear 
combination in the form described above. Observe that if we can show (|2.50p 
then we may assume with no loss of generality that H\ = in our Lemma 
hypothesis. 

Then, assuming that Hi „ = in our Lemma hypothesis we will show that 
there exists a linear combination of (a — 7r + l)-tensor fields (indexed in X below) 
which are in the form l|2.5p with a simple character Ksimp so that: 
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ah{C^^'-+'-'-+' (r!i, c^i, c^2, , 

Switch[Cfg^'-^^-'- + ^ {fll,..., {Ip, COi, W2, . . . , 0n)}V,„^,U . . . V^^^.V- 

X.div,^^, a,{Cl^^^-'-+-'-+- . . . , c^i, u;2, 01, . . . , 

x<^X 

Switch[C]Y-^^-'-^^ (f^l, • • • , ^p, iOi, W2, . . . , 0n)}V,„^,U . . . V^^^.V 

(2.51) 

We observe that if we can show the above, we may then assume that iJf * = 
(and H2 = 0) in the hypothesis of Lemma [2.91 

Finally, under the assumption that = i/f , = in our Lemma hypoth- 

esis, we will show that we can write: 

Y CLhX+div,^^^ . . .X+diw,^^,{C^''i---'°+i(rJi, . . . , rjp, wi, ^2, <^i, . . . ,<^„)- 

Switch[C]Y-^'-'-+' (r!i, wi, c^2, </-!,... , 0„)} = 

anX+divi^^^ . . . X+divi^_^^{Cg''^-'°+^ {ili, . . . , fJp, wi, ^2, (/-i, . . ■ ,<^«)- 

(r!i, . . . , rip, wi, c^2, 01, . . . , ^n)} 

+ ^ajq(rii,...,rip,[ "^1 1 1 01 1 ■ ■ ■ ) 0li ) ; 

J 6./ 

(2.52) 

where the sublinear combination y^.h^rrb ... on the right hand side stands 
for a generic linear combination of acceptable tensor fields in the form (|2.5p 
with simple character Ksimp, with no free indices in the factors Vwi, Vaj2 and 
where the factors Ti^-^^,T^2 ^'''^ not problematic. Therefore, if we can show the 
above equations, we are reduced to showing Lemma 12.91 under the additional 
assumptions that Hl ^ = Hl^^ = H^^ = 0. 

(Sketch of the) Proof of (MW, ^MW, (MML ^M) follows by re-iterating 
the proof of the first claim of Lemma 4.10 in [6jO (|2.5ip follows by re-iterating 

^"By the additional restrictions imposed on the assumption of Lemma l2.3l there is no danger 
of falUng under a "forbidden case" of Corollary 1 in [6]. 
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the proof of the first claim of Lemma 4.10 in [3], but rather than applying Corol- 
lary 1 ^ in that proof, we now apply Lemma 12.71 (which we have shown) Fi- 
nally, the claim of (|2.52p for the suhlinear combination in H2 , where T^-^ ^ T^^ 
follows by applying Lemma [2.51^ We can then show that the remaining sublin- 
ear combination in X^heH' ■ ■ ■ must vanish separately (modulo a linear combi- 
nation 7 ■ ■ ■ ) by just picking out the sublinear combination in the hypothesis 
of Lemma 12.101 where both factors Vwi , Vcj2 are contracting against the same 
factor. □ 

Now, under these additional assumptions that ^ — H'^ = ^ ~ 0, 
we will show our claim by distinguishing two cases: In case A there is a factor 
V*-'"'i?yfci in Ksimp', in case B there is no such factor. An important note: We 
may now use Lemma I2.7[ which we have proven earlier in this section. 

Proof of Lemma \2.9\ in case A. 

We define the (set of) C-crucial factor(s) (which will necessarily be of the 
form S/^™'' Rijki ) as in the setting of Lemma [2.71 Firstly a mini-claim which 
only applies to the case where the C-crucial factor is unique: 

Mini-claim, when the C -crucial factor is unique: We then consider the tensor 
fields Cg''^+^-'"+\ heH^ for which Vuj2 is contracting against the C-crucial 
factor. Notice that by our hypothesis that ^ = 0, we will have that Vuj2 
is contracting against a derivative index in the C-crucial factor. Denote by 
i?2 <^ ^2 the index set of these tensor fields. 

We observe that for each h G we can now construct a tensor field by 

erasing the index in the factor V^™-'i?ijfc; that contracts against the factor \/u}2 
and making the index in Va;2 into a free index . We denote this tensor field 

by Cg'*"'^^'"*""''^*'^ (ill, fip, wi, Ci;2, 01, '/'«)• By the analogous operation 
we obtain a tensor field Switch[Cg (^^^^ _ ^ j^^^ wi, 0^2, 0i, . . . , 0ti)]- 

It follows that in the case where the C-crucial factor is unique, for each 
h G H^^+: 

Observe that the assumption that Lemma 12.31 docs not include "forbidden cases" ensures 
that we will not need to apply Lemma 12.71 in a "forbidden case" . 

^^In this case there will be a factor Vwi or Va;2 contracting against a non-special index; 
therefore there is no danger of falling under a "forbidden" case of Lemma l2.7l 



39 



X^dm^^, . . . X*diWj„^i{C^'^-+i-*= + i(17i, . . . , rjp, Wi, W2, 01, ■■•>«) 

- Switch[c]';-'-+'-'-+' . . . , i]p, 0.1, c^2, 01, . . . , 0„)} = 

X^divi^^^ . . .X*diwi^_|_^X*diwi^{Cg''*"+''"'°'^''''(Sli, . . . , fip, o^i, u;2, 0i, • ■ • 

- S'it;ite/i[C]g''''+''"*°^'''^(17i, . . . ,f2p,wi,W2,0i, • . . ,4>u)}+ 

arX.^div.i^^^ . . .X*rf«t;i^^^{Cg'*''+'---'°+'(Sli, . . . , f^p, cji, lj2, 0i, • ■ • >«) 

- + ^ (17i, . . . , f]p, C^i, t<.2, 01, . . . , 0u)} + 

^ajCl{Q.i, . . . ,rip,wi,W2,0i, ■ • -Au), 

(2.53) 

where each tensor field - j^j^^^^ rip, tJi, cl'2, 0i, ^u) has the fac- 

tor Vuj2 contracting against some factor other than the C-crucial factor. 
But we observe that: 

. . . X^diVt^^^X^diVt^^lCg''""*'^'"^"'^^''^ {Qi, . . . , fip, wi, ^2, 0i, ■ • • ,4>u) 

- S'mteft,[C]g''''+' (r^i, . . . ,r2p,a;i,w2,0i, • . ■ ,0«)} = 0. 

(2.54) 

Therefore, in the case Set ^ or Set = and ai ~ 1, we have now reduced 
Lemma [2791 to the case where -ff 2 ^ = 0. 

Now, (under the assumption that i?2'^ = when the C-crucial factor is 
unique) we consider the sublinear combination Special in the equation hypoth- 
esis of Lemma 12.91 that consists of complete contractions with Vwi contracting 
against the C-crucial factor while the factor yLU2 is contracting against some 
other factor. (If Set = and cti > 1 Special stands for the sublinear combi- 
nation where Vwi is contracting against a generic C-crucial factor and Vw2 is 
contracting against some other factor). In particular, for each h € , since 
iJ" = we see that the sublinear combination in 

ahX^divi^^^ . . .X*dTOi^^j{Cg'*"+i--'°+i(rii, . . . , lip, wi, W2, 0i, ■ • • ,0«) 

heH^ 

- Switch[Cf/' + '-''' + 'ini, . . . , rip,C^i,C^2, 01, ... , 0n)} 

(2.55) 

that belongs to Special is precisely: 

ahX^divi^^^ . . . X^divi^Hitdivi^^^Cg'^'+^---''°'+^ {ill, . . . , f^p, wi, 0^2, 0i, . . . , 0u); 

heH^ 
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(in the case Set — and ci > 1 Hitdivi^^^ just means that V^^ can hit any 
factor V'^^^^Rijki that is not contracting against Vw2; recall that in the other 
cases it means that it must hit the unique C-crucial factor). 

We also consider the tensor fields C''»:ix+i - i=+i^ 5'mte/i[C]''''-+i -'°+S h e 
H2 for which Vwi is contracting against the C-crucial factor and \7llJ2 is not (or, 
if there are multiple C-crucial factors, where Vwi, ^uj2 are contracting against 
different C-crucial factors). For this proof, we index all those tensor fields in 
TJj'* and we will denote them by - ^ 

Thus we derive an equation: 

ahX^divi^^^ . . .X*(iwi^i7itdiWi^^^Cg'*"+^---*°+^(rii, . . . , lip, cji, 072, (/ii, ■ • ■ ,^«) 
+ ^ auX^div,^^^ . . . X^divi^^,C^''''+'--'"+' {ni, . . . , fip, wi, W2>i, . . . , 0„) = 

, UJi , UJ2 1 (pi •)■■■•) (pu ) • 

(2.56) 

We group up the vector fields on the left hand side according to their weak 
{u + 2)-character^ (defined by V(/)i, . . . , V(/()„, Vwi, VW2). (Recall that we 
started off with complete contractions with the same u-simple characters-so 
the only new information that we are taking into account is what type of factor 
is Vw2 contracting against) . We consider the set of weak simple characters that 
we have obtained. We denote the set by . . . kb}, and we respectively have 
the index sets H'^''^' and H^'^'^ ■ 

We will show our Lemma [2.91 bv replacing the index set i?| by any H!^''^^ , 
f<B. 

It follows that for each f < B: 

^ ahX^divi^^^ . . . X^div^^Hitdiv^^^,C^'''''+'■■■'^'+^ 

(jii, rip, 0^1, CJ2, 01, •■• , 4>u)+ 

tthX^divi^^^ . . . X^dwi^^jCg (fii, . . . , wi, W2, 01, . . . , (f>u) = 

b.Kf 

^ajC^(rii, . . . ,f2p,a;i,W2,0i, . . • ,0«), 

(2.57) 

where the complete contractions have a it-simple character that is subsequent 
to Ksimp- We will show our claim for each of the index sets h\''^^ separately. 

^''See [B] for a definition of this notion. 
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Now, we treat the factors Vwi, Va;2 in the above as factors V4>u+i,'^4>u+2- 
We see that since .f^, = H^^^ = ff^ „ = 0, all the tensor fields in the above 
have the same {u + 2)-siniple character. 

Our claim fLemma l2.9p for the index set iJj '*^^ then follows: Firstly, apply 
the operator Eraser [• • ■ ] to ()2.57|) £fl We are then left with tensor fields 



(denote them by 

+ . . . , 1]^, C^2, 01, . . . , <Pu), h G H""/', 

respectively) with the same {u + f )-simple character say Hsimpj- We can then 
apply Corollary 1 from [5] (since we have weight —n + 2fc, fc > by virtue of 
the eraser-notice that by weight considerations, since we started out with no 
"bad" tensor fields, there is no danger of falhng under a "fobidden case"), to 
derive that there is a linear combination of acceptable a-tensor fields indexed 
in V below, with {u + l)-simple character Ksimpj so that: 



ahCl;-'-+'-'" (f^i, . . . , lip, c^2, 01, ... , 0«)V,,^,u . . . V,^v- 

J2 a,X,dm^^,C f . . . , f^p, 0^2, 01, . . . , 0„)V,,+,u . . . V,„w = 
vev 

ajC^g''"^''"'" {^1, . . . , f^p, t^2, 01, . . . , 0«)V,, + iW . . . V^^V, 

(2.58) 

where each complete contraction indexed in J is (w + l)-subsequent to KsiTupj- 
In this setting X^divi just means that in addition to the restrictions imposed 
on Xdivi we are not allowed to hit the factor Vaj2. 

Then, if we multiply the above equation by an expression Vi^i and then 
anti-symmetrize the indices a, b in the factors VaWi, V;,ti'2 and finally make all 
Vfs into X^divs, we derive our claim. □ 



Proof of Lemma \2.9\ in case B (when cti =0^. 

Our proof follows the same pattern as the proof of Lemma [2771 in case B. 

We again define the "measure" of each factor in each tensor field (^^''t+i - ^o+i 
as in the proof of case B in Lemma 12.71 Again, let M stand for the maximum 
measure among all factors in all tensor fields (^^''f+i - ^o+i ^ ]j ^ jja (;jgnote 
by 7J2'*^ C H2 the index set of the tensor fields for which some factor has 
measure M. 

We will further divide H^''^^ into subsets, H^'^^'^, k — 1, . . . ,a, according to 
the factor which has measure M: Firstly, we order the factors S^V'^'^'^ Rijti , ■ ■ ■ V'-P^il/i 



'See the relevant Lemma in the Appendix of [3]. 
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in Ksimp, and label them Ti, . . . (observe each factor is well-defined in Ksimp, 
because we are in case B). We then say that h g H2'^^'^ if in - 2\ has 

measure M. We say say that h £ H2'^^'^ if in - has measure M 

and Ti has measure less than M, etc. We will then prove our claim for each of 
the index sets h £ '^^''^El We arbitrarily pick a k < a and show our claim 
for Y.h&Hi-^'-" ■■■■ 

For the purposes of this proof, we call the factor Tk the Z3-crucial factor (in 
this setting the ZJ-crucial factor is unique). 

Now, we pick out the subset h}^'^'^ C H^, which is defined by the rule: 
h G if and only if Vwi is contracting against the D-crucial factor T^. We 
also pick out the subset iJ2''^'~ C which is defined by the rule: h G if 
and only if Vti'2 is contracting against the D-crucial factor Tk . Finally, we define 
H2' C H2, H2 ~ ^2 to stand for the index set of tensor fields for which Vtt'2 
contracts against the D-crucial factor. 

Now, for each h e iJf we denote by 

Hitdiv,^c!;-'-+'-'-+' (i7i, . . . , rip, 0.1, 01, • • • , K) 

the sublinear combination in Xdivi (^fi^^ . . . ^ uj-^^^ uj2, (t>i, . . . , ^u) 

that arises when hits the D-crucial factor. It then follows that: 



ahX^,divi^^^ . . . X^,divi^HitdiVt^Cg''"'+^'"''''+^ {fli, . . . , fip, wi, W2, 0i, • ■ • ,4iu) 

heH§ 

- ^ ahX^div,^^^ . . . X^dm^_^_^Switch[C]g'''+^---'''+^ {^li, . . . , rip, wi, a;2, <?i'i, . . . 

+ ahXdm^^, . . . Xdm_^C^^^^+^-'''+^{ni, . . . , rip, Lui,uj2, (/-i, . . . , 

- ^ ahXdivi^^^ . . . Xdwi^5'mic/i[C]g'*''+'---*"+^(rii, . . . ,rtp,uji,uj2,<l>i, ■ ■■ , 

, LOi , UJ2 1 01 7 ■ ■ ■ 1 0u ) 1 

(2.59) 

where each has the factor Vwi contracting against the D-crucial factor and 
is simply subsequent to Ksimp- 

We now denote the (it-l-l)-simple character (the one defined by V(/>i , . . . , Vwi) 
of the tensor fields HitdiVi^Cg'''""^^'"''"'''' {fli, fip, cji, 0^2, (/ii, ...,</»«) by K'si^p- 
(Observe that they all have the same {u + l)-simple character). 

We observe that just applying Lemma 12.11 to (|2.59p (all tensor fields are 
acceptable and have the same simple character k'^^^^-wg treat Vwi as a factor 

Again we observe that if we can prove this then Lemma 12.91 in case B will follow by 
induction. 
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V0„+i and the factor Vw2 as a factor VY) and we then pick out the subUnear 
combination where there are M factors Vw contracting against T^, we obtain 
an equation: 

^ ahHitdivi^Cl^''^+^---'''{ni, . . . , lip, wi, ^2, ^i, . . ■ , (f>u)"^i„+iV . . .V,^v+ 
a^Xdwi„^,C^''"+i-*°''°+i (r^i, . . . , rjp, t^2, 01, • ■ • , (l)n)Vi^^,v. . . Vi^v+ 

ajC^'*" + i {ni,...,np,UJi,UJ2,(j}l,..., (t)u)^^^ + l u . . . Vi„ u = 0, 

(2.60) 

where the tensor fields indexed in X are acceptable and have a (u + l)-siniple 
character n's^^p and each C-' is simply subsequent to K'simp- 

Now, observe that if M > ^ then we can apply the Eraser (from the Ap- 
pendix in [3]) to VcJi and the index it is contracting against in the D-crucial 
factor and derive our conclusion as in case A. 

The remaining cases are when M — 1,M = ^ and M = 0. The first one 
is easier, so we proceed to show our claim in that case. The two subcases 
M = i , M = will be discussed in the next subsection. 

In the case Ad = 1, i.e. the D-crucial factor is of the form V^p-TJ/i, then we 
cannot derive our claim, because if for some tensor fields in X above we have 
Vwi contracting according to the pattern: V^wi V*-'f2hVj'0, where — v ot 
if) = 4>h- Therefore, in this setting, we first apply the eraser twice to remove 
the expression V-^^'fi^ VVV-'^i and then apply Corollary 2 from to (|2.60p 
(observe that (|2.60p now falls under the inductive assumption of Lemma 4.6 in 

since we have lowered the weighlFI to obtain a new equation in the form 
(|2.60p . where each tensor field in X has the factor Vuji contracting against a 
factor V^'-'ri/i, / > 3. Then, applying the eraser as explained, we derive our 
Lemma [2.91 in this case. 

The cases M ^ i, A/ = 0; Notice that in this case we must have a = tt, 
by virtue of the the definition of maximal "measure" above. We will then prove 
our claim by proving a more general claim by induction, in the next subsection. 
□ 

2.4 The remaining cases of Lemma 12.91 

We prove our claim in this case by an induction. In order to give a detailed 
proof, we will re-state our Lemma hypothesis in this case (with a slight change 

Recall that we showed in [6] that this is a Corollary of Lemma 4.6 in 6 , which we have 
now shown. 

^'^There is no danger of falling under a "forbidden case" of Lemma l2.1l bv weight considera- 
tions since we are assuming that none of the tensor fields of minimum rank in the assumption 
of Lemma l2.3l are "bad". 
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of notation) : 

The hypothesis of the remaining cases of Lemma \2.9[ We are assuming an 
equation: 

^ajC^(f)i, . . . 

which holds modulo complete contractions of length >(t + u + 3((t> 3-here a 
stands for u + p~see the next equation) . We denote the weight of the complete 
contractions in the above by —K. The tensor fields in the above equation are 
each in the form: 

pcontriSM"^'^ Rx^jki SM'^^'^Rx^j'k'V® 

V("i'f7i ®... v'-^^^Qp (gi [Vwi (g) Vlu2] (2.62) 

(g) V^i^i (g) • • • (g) V"4>z). 

We recall that the w-simple character of the above has been denoted by iisimp- 
Recall that we are now assuming that all the factors V^^'^Jl^: in Ksimp are accept- 
able El The complete contractions indexed in J in (j2.61|) are simply subsequent 
to Ksimp- We also recall that X^,divi stands for the sublinear combination in 
Xdivi where Vi is not allowed to hit either of the factors Vwi, Vu!2. 

We recall that the tensor fields indexed in Xa have the free index belonging 
to the factor Vwi. The tensor fields indexed in Xf, have the free index not 
belonging to any of the factors Vwi, Vw2- 

We recall the key assumption that for each of the tensor fields indexed in 
Xai there is at least one removable index in each tensor field 

C^^'^in,, ^Ip, </.!,... , [iOi.U^]), X G XaB 

In order to complete our proof of Lcmma l2.9i we will show that we can write: 

^^meaning that each ai > 1. 

Recall the definition of a "removable" index from Definition 12.11 



. ,rjp,0i, . . . [u;i,LJ2])+ 

, ,rjp,0i, . . . [wi,W2])+ (2.61) 

, 0u) = 0, 
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a^C^''^{ni, . . . , rjp, 01, . . . , [uji,uj2])Vi,v = 

UxX^diVi^ . . .X*dwi^Cg^*'---*"(r2i, . . . , fip, 0i, . . . [cji, cj2])ViiU+ 

(2.63) 

where the tensor fields indexed in X' are acceptable in the form (|2.62p . each 
with rank a > 2. Note that this will imply the remaining cases of Lemma 12.91 
completing the proof of Lemma 12.31 

We recall that we are proving this claim when the assumption (j2.6ip formally 
falls under our inductive assumption of Proposition 11.11 (if we formally treat 
VcJi, Va-'2 as factors V(/)2+i, V0z+2)- 

We will prove (|2.63p by inductively proving a more general statement. The 
more general statement is as follows: 

The general statement: 

Assumptions: We consider vector fields C|'*^ {^i, ■ ■ • , ^^fj, 0i, ■ • • , V'l: ■ ■ • i 
C|'*i(fJi, . . . ,176,01, . . . [xi7X2],V'i, • ■ ■ ,'0r) in the following forms, respec- 
tively: 

pcontriS^V'^''^^ R^^jki SM"'''^ Rx^rk'v® 

v^'^i^r^i . . . v^'^'-^i^b ® vr vV'i ®---® v^pr (2.64) 



pcontriSM"'^ Rx^jki ® • • • SM'^-'^Rx^.rk'i'® 

V^'^^'^Q.i yf^-'^rib ® [Vxi ® Vx2] ® V^-i ®---® V^r (2.65) 

for which the weight is —W + l,W < K. We also assume v + b > 2. Note: 
the bracket [. ..] stands for the anti-symmetrization of the indices a,b in the 
expression VaWiVbW2. 

We assume (respectively) the equations: 
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^ a^X^div^, . ..X^divi_^C^^''---'-'{ni, fi,,, </>!,. . . • ■ • , V'r) + 

acX*dwijC^'*^(rii, . . . ,ftb,(j)i, . ■ ■ , <j)v,Y,4>i, ■ ■ ■ ,iIJt) + 

^ajC^(i7i, . . . ,rj6,<^i, . . . . . . jV't) = 0, 

(2.66) 

^ a(;X,diw,jC^'*i(f7i, . . . ,rJb,(/)i, . . . [xi,X2],V'i, ■ • ■ ,V'r)+ 

a^X-^divi^ . . .X»dw^C^''i---*T(Sli, . . . , ri^, . . . [xi, X2], V"!: ■ • ■ ,V't)+ 

^ a^x^dm^c^''^{ni, ...,nb,(l)i,-- -Av, [xi,x2],'0i,- • ■ ,'0t)+ 

^ajC^(f7i, . . . ,f2b,(?!>i, . . . ,(/)^, [xi,X2],''/'i, . . . , ■f/'r) = 0, 

(2.67) 

which holds modulo complete contractions of length >t; + 6 + T + 3. 

The tensor fields indexed in Za are assumed to have a free index in one of 
the factors VF, VV'i, ■ • • , VV't, or one of the factors Vxi, Vx2, V'i/'i, . . . , V^/jx, 
respectively. The tensor fields indexed in Za have rank 7 > 2 and all their free in- 
dices belong to the factors VF, Vi/'i, ■ • ■ , VV't, or the factors Vxi, Vx2, V?/'i, • ■ • , V?/'r, 
respectively. The tensor fields indexed in Z^ have the property that does 
not belong to any of the factors VF, Vi/'i, • ■ • , VV'r, Vxi, Vx2, V-f/'i, • ■ • , V^t, 
respectively. We furthermore assume that for the tensor fields indexed in 
Za[J Zb[J Za, none of the factors VV'i, • ■ • , VV't are contracting against a spe- 
cial index in any factor S^,V^'^'^ Rijki and none of them are contracting against 
the rightmost index in each V^''''^ri;i (we will refer to this property as the @- 
property) . We assume that v + b > 2, and furthermore if i; -|- 6 = 2 then for each 
C & Za[J Zb, the factor(s) VF (or Vxi, VX2) are also not contracting against a 
special index in any S^V'''^^ Rijki and are not contracting against the rightmost 
index in any V'-°''-'f2^. Finally (and importantly) we assume that for the tensor 
fields indexed in Za, there is at least one removable index in each C^'*i. (In 
this setting, for a tensor field indexed in Za, a "removable" index is either a 
non-special index in a factor S^V^'^'^Rtjki, with > or an index in a factor 
V(^)0^„ B > 3). 

Convention: In this subsection only, for tensor fields in the forms (|2.66[) . 
(j2.67p we say then an index is special if it is one of the indices k, i in a fac- 
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tor S^'Sl'''^^ Rijki (this is the usual convention), or if it is an index in a fac- 
tor Vr^...rB^h for which all the other indices are contracting against factors 

vV'i,...,vv^^. 

All tensor fields in (|2.66p . (|2.67p have a given w-simple character Ksimp- The 
complete contractions indexed in J are assumed to have a weak u-character 
Weak{'Ksimp) and to be simply subsequent to Ksimp- Here X^divi stands for the 
sublinear combination in XdiVi where Vi is not allowed to hit any of the factors 
Vr, VV'i, . . . , Vipr or Vxi, Vx2, V?Ai, . . . , VV'r, respectively. 

The Claims of the general statement: We claim that under the assumption 
(j2.67p . there exists a linear combination of acceptable 2-tensor fields in the form 
(j2.64p . (I2.65|l respectively (indexed in W below), for which the ©-property is 
satisfied, so that (respectively): 

^ aQCf'^ (f7i, fifc, 01, y, ... , i/'r)Vi,w- 

^ a^,X^divi^Cg'''^''^{VLi, . . . ,nt, . . . ,0„,y,V'i, • ■ ■,ipr)^t,v+ (-2.68) 
ttjC^/' (17i , . . . , fifc, (/.I , . . . , (/.I, , r, i/>i , . . . , 1/;^) u = 0, 

[Xi7X2],'0i, • • . ,■^/'r)V^l^;+ 
Ce^a 

^ awX^^diVi^Cg''^''^{VLi, . . . , rjfc, . . . [xi,X2], V'l, ■ • . ,'0r)V,ii;+ 

^ajC^''i(17i, . . . ,rj6,0i, . . . [X1,X2],1/'1, ■ ■ . ,'0r)VjiU = 0. 

(2.69) 

We observe that when r = and w + 5 > 3, (|2^ coincides with ([2?63l) l^ 
Therefore, if we can prove this general statement, we will have shown Lemma 
12.91 in full generality, thus also completing the proof of Lemma 12.31 

We also have a further claim, when we assume (j2.66p . (|2.67p with v + h = 2. 
In that case, we also claim that we can write: 

^''Also, the assumption of existence of a non-removable index coincides with the correspond- 
ing assumption of Lemma 12. 31 
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^ ag^+djw»iCg'''(^i: • . • ,f^b,(?!'i, • . • ^i,,^, V'l,. • . ,'0r)+ (2.70) 

X+div^^ X! «fC'g'''(f^l)--->^6:'/'l:---:</'i'>[Xl,X2],V'l,---,V'r) = 

^ajC^(f7i, ...,nb,(j)i,.. .,(j>v, [xi,X2],'0i, ■ • ■,iPt), 

(2.71) 

where the tensor fields indexed in Q are in the same form as ()2.64p or (|2.65p 
respectively, but have a factor (expression) V'^^-'F or V^^^cji Vj]ijJ2, respectively, 
and satisfy all the other properties of the tensor fields in Za- 

Consequence of 112.68]} . 112. 69]} when v + b > 3: We here codify a conclusion 
one can derive from (|2.68p , (|2.69p . This implication will be useful further down 
in this subsection. We see that by making the factors Vu into X^,div^s in (|2.66p . 
(|2.67p and replacing into (|2.68p . (|2.69p . we obtain new equations: 

^ a(^X^diVi^C^''^{ni, . . . . . . ,(l)y,Y,il!i, . . . ,'(/'t)+ 



a^^X^divi^C^^'^irii, ...,ftb,(l>i,... ,4>v,Y,%l)i, . . . ,'ipr)+ 



(2.72) 



^ajC^(f]i, . . . ,fif,,0i, . . . . . . ,'0r) = 0, 



J 6./ 



^ ac_X^div^^C'^/^ iVLi, . . . ,r2&,(/ii, . . [xi,X2],V'i, ■ • ■,V't)+ 
^ ac_X^divi^Cf'^(Sli, ...,nb,(j)i,..., (j)^, [xi,X2],ipi, ■ ■ • ,'0r)+ 
^a-jC^ini, . . . . . . ,0^, [xi,X2], V'l, ■ ■ • >r) = 0, 



(2.73) 



where here the tensor fields indexed in Z'^ are like the tensor fields indexed in 
Za in (|2.66p . (|2.67p but have the additional feature that no free index belongs 
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to the factor Vijji (and all the other assumptions of equations (|2.66p . (|2.67p 
continue to hold). 

We then claim that we can derive new equations: 



^ aQX+diVi^C'^/^{VLi, . . . , rj^, 0i, . . . ,0^,1", Vi, . . . ,-0t) 



(2.74) 



^ajC^(17i, . . . ,rj6,</)i, . . . Y",-0i, • • • ,'0r), 



(2.75) 



^ a(;X+diWj,C^''i(f7i, . . . ,nb,(l)i,. . . [xi,X2],'0i, ■ • ■ ,'0t)+ 
^ afX+diw,,C^'*i(f7i, . . . ,rj6,(/)i, . . .,(j)y, [xi,X2],V'i, ■ • ■ jV't) = 
X! aqX+diVi,Cf (f7i, . . . , rJb, . . . , [xi, X2], V'l, ■ • ■ , V'r)+ 

X! ■ • ■ , ^^b>l, • ■ ■ , [Xl, X2], V'l, • ■ ■ , V'r), 

where here X-^-divi stands for the sublinear combination in Xdivi where 
is allowed to hit the factor VF or Vxi (respectively), but not the factors 
V^"!, . ■ • , V0r, (Vx2)- Furthermore, the linear combinations indexed in Q stand 
for generic linear combinations of vector fields in the form (|2.64p or (|2.65|) . 
only with the expressions VY or V[ai^i Vb](jJ2 replaced by expressions V'^^-'F, 

Proof that [TT^ , [TTS^ follow from [EM) . I^KM) : We prove the above by 
an induction. We will firstly subdivide Z'^, into subsets as follows: C G @ 
or C G Zb^@ if the factor VF (or one of the factors Vxi, VX2) is contracting 
against a special index in the same factor against which VV'i is contracting. 

Now, if @ U Zb,& ^ our inductive statement will be the following: 

We inductively assume that we can write: 
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ai^X+divi^ . . . X+divi^Cp''-'-^ (Oi, . . . , fib, . . . , F, Vi, • • • , V'r) = 
^ a^X+divi^ C^'''^{Qi, . . . ,nb,(f>i, ■ ■ ■ ,(l>v,y,flJi, ■ ■ ■ ,tlJT)+ 
J2 atX+dm, . . . X+divi^Cl'''-'" (f^i, . . . , 1^6, (^1, . . . , (/)^, r, Vi, • ■ • , V't)+ 

acX+divi^ . . . X+divi^C^''^-'''{fli, . . . ,flt,(pi, ■ ■ ■ ,<f>v,Y,il)i, . . . , V'r)+ 

Y agX+diVi^C^''^ (1^1, 1^6, ^1, ...,(?!)„, y, Vi, ••• , V'r)+ 

Y ajC^gi^l, ...,nb,(j>l,...,(j>y,Y,lljl,..., Ipr), 

jeJ 

(2.76) 

and 

Y a(;X+diVi,C^''^{ni, ...,flb,(l)i,..., [xi, X2], V"!, • • • , V-r) = 

Y a^X+divi^C^'"-^ {ni, ...,Q.b,(t>i,..., (j)v, [xi, X2], V'l, • • ■ , ^r)+ 

f G-^b,® 

^ atX+divi, . ..X+diVi^Cl''^-"'{fli, . . . ,nb,(f>i, ■ ■ ■ ,<Pv,[Xi,X2\,il'i, ■ ■ ■ ,tl'T)+ 
teT'' 

Y a^X+divi^ . ..X+divi^C^^"-^ ■■■'-< {ni, . . . , f^b, ^1, . . . , [xi, X2], V'l, • • • , V't 
Y aqX+divi.CI''^ {fli, . . . , rife, (^1, . . . , [xi, X2], V'l, • • • , V't)+ 

^O-jC^gi^l, ■ ■ ■ ,^b,(f>l, ■ ■ ■ ,<f>v,[Xl,X2\,tl'l, ■ ■ ■ ,-4't), 

(2.77) 

where the tensor fields indexed in T*^ have all the properties of the tensor fields 
indexed in Z'^ @ (in particular the index in VV'i is not free) and in addition have 
rank k. The tensor fields indexed in Z'^ jy^^ in the RHS have all the regular 
features of the terms indexed in Z'^ (in particular rank 7 > 1 and the factor 
VV'i does not contain a free index) and in addition none of the factors VF (or 
Vxi, VX2) arc contracting against a special index. 
Our inductive claim is that we can write: 
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ai;X+divi^C^''^{ni, . . . ,Q,b,(f>i, . . . ,0^,,^, V'l, . . . , V'r) = 

a^x+dwiiC^'*i(rii, . . . ,fib,0i, . . . V'l, ■ • ■ , V'r)+ 

a^X+divi^ . . .X+dw^C^'*i---'-'(rJi, . . . , fib, . . . , , -0i , • ■ ■ ,V'r) + 
y^ agX+divi^C^-"^^ {ill, . . . ,fib,0i, . . . V'l, ■ • ■ , V't)+ 

^ajC^(rJi, . . . ,fib,^6i, . . . Vi, ■ • ■,i/'t), 

(2.78) 



^ atX+divi, . . .X+divi^Cg'''-"'+^{ni, . . . ,nb, . . . , (j)v,[xi, X2],il'i, ■ ■ ■ ,'0r)+ 
^ a(;X+dw,i . ..X+diVi^C^'"-^ {ni, . . . , rj,,, ^i, . . . [xi,X2],V'i, • ■ • ,V't) 

+ X! ■■■,^b,<l>l,-- • [Xl,X2], V"!, • ■ ■ >r) + 

^ajC^(rJi, . . . ,f2b,0i, . . . ,(/)^,, [xi,X2],il'i, . . . , V'r) = 0. 

(2.79) 

We will derive (|2.78p . (|2.79p momentarily. For now, we observe that by 
iterative repetition of the above inductive step we are reduced to showing (|2.74p , 
p.75p under the additional assumption that @ = 0. 

Under that assumption, we denote by ^b,® C the index set of vector fields 
for which the factor VY (or one of the factors Vxi, VX2) is contracting against 
a special index. We will then assume that we can write: 
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a(;X+diWj^C^''i(f7i, ...,rtb,(l)i,... ,(l)y,Y,ipi, . . . = 
^ atX+div^, . . .X+dw,,C*''i---*''(f^i, . . . , fib, . . . ■ • ■ , V'r) + 

^ajC^(i7i, . . . ,rjb, 01, . . . , • ■ ■ , V'r), 

(2.80) 

^ atX+divi, . ..X+divi^C*/^ {^i, . . . , rj^, . . . [xi,X2],tpi, ■ ■ ■,tpr)+ 
^ a^X+div^^C^^'^ini, . . . ,17b,(^i, . . . ,(/)^, [xi,X2],V'i, • ■ ■ >r) + 

^ aqX+dm^Cf'^ {ni, . . . ,fib,0i, . . . [xi,X2],V'i, • ■ • , V'r) + 

^ajC^(rJi, ... ,rif„(^i, ... [xi,X2],'(/'i, ■• ■ ,'(/'r), 

(2.81) 

where the tensor fields indexed in have all the features of the tensor fields 
indexed in Zb,@ but in addition have all the k free indices not belonging to 
factors VV'i, . . . , VtAt- The tensor fields indexed in Zi,^no@< have all the regular 
features of the tensor fields in Zf, and in addition have the factor VY (or the 
factors Vxi, Vx2) not contracting against special indices. The terms indexed 
in Q are as required in the RHS of (|2.74p . (|2.75p (which are the equations that 
we are proving). 

We will then show that we can write: 
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atX+dm, . . .X+div,^^^CY^-'"'+^ini, . . . , rjfc, 0i, . . . ,(j)^,Y,jpi, . . . ,i/'r)+ 
a^X+diuii C^'*i (fii, rife, ...,(/)„, r, ■01, ... , ■01-)+ 
^ agX+diw,,C«''i(f]i, . . . . . . Vi, . . . ,V'r)+ 

(2.82) 

^ atX+dm^ . . . X+dm^^^Cg'^-^'+^ini, ...,nb,(j>i,.. .,(l)v, [xi,X2],ipi, ■ • ■ , V'r) 
^ajC^(17i, ...,nb,<j)i,...,(j)v, [xi,X2],ilJi,---,ilJr)- 

(2.83) 

(Here the tensor fields indexed in V''^^ have all the features described above 
and moreover have rank fc + 1). 

Thus, by iterative repetition of this step we are reduced to showing our claim 
under the additional assumption that Z'^ ^ — Zb,@ = 0. 

We prove (|2.82p . (|2.83p below. Now, we present the rest of our claims under 
the assumption that Z'^ ^ = Zb,@ = 0. For the rest of this proof we will be 
assuming that all tensor fields have the factor VF (or the factors Vxi,Vx2) 
not contracting against special indices. 

We then perform a new induction: We assume that we can write: 
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^ ac^X+divi^ C^''^ {fli, . . . ,nb,(f>i, ■ ■ ■ Av,y,flJi, ■ ■ ■ ,tlJT) = 

a^X+divi^C^^'^ {^li, . . . ,nb,<pi, . . . ,<py,Y,tpi, . . . , ?/'^)+ 

^ atX+diVi, . . . X+divi^Cl''^-''' (f2i, . . . ,nb,<t>i, ■ ■ ■ ,<Pv,y,-4'i, ■ ■ ■ , V'r)+ 

^ aqX+divi^C^'"^ (J^i, fife, ^1, ...,(?!)„, y, Vi, ••• , '0r)+ 

^ OjC^ (fii, . . . , fifc, 01, . . . , 0^, r, Vi, ■ • ■ , V'r), 
jeJ 

(2.84) 

^ a(;X+(iwjiC^'*i (fii, . . . ,Qb,(i>i, ■ ■ ■ Av,[Xi,X2],tl'i, ■ ■ ■ ,'4't) = 

^ afX+dTOi,C^''i(f2i, . . . , fife, . . . , [xi, X2],'^i'i, • • • ,'^i'r)+ 

^ atX+divi^ . . . X+divi^Cl''^ (fii, . . . , fib, 01, . . . , 0^, [xi, X2], V'l, • • • , ^t)+ 

^ aqX+diVi,C^''^ (fii, . . . , fife, 01, . . . , [Xi, X2], V'l, • • • ,'^i'r)+ 

^ajC^(fil,...,fife,01,...,0^,[Xl,X2],'01,---,'0r), 

(2.85) 

where the tensor fields indexed in T*^ have all the properties of the tensor fields 
indexed in Z'^ (in particular the index in Vtpi is not free) and in addition have 
rank k. We then show that we can write: 

^ a^X+dwiiC|'*^ (fii, . . . , fife, 01, . . . , y, Vi, • • • , V'r) = 
^ a^X+dwijC^-'i (fii, . . . , fife, 01, . . . , 0„, y, ^01, . . . , Vr)+ 

^ atX+dm, . . . x+dm^^.cl'''-"' (fii, . . . , fife, 01, . . . , 0„, y, Vi, • • ■ , V'r)+ 

aqX+divi, Cf'^ (fil , . . . , fife, 01 , . . . , 0„ , y, , • • • , V'r )+ 

^ ajC^(fii, . . . , fife, 01, . . . , 0„, y, Vi, • • • , V'r), 

(2.86) 
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^ ai;X+div^,C^^'^{nl, . . . . . . ,0^, [xi,X2],ipi, . • • , V'r) = 

^ atX+diVi, . . . X+diVi^^,Cl''^---'"'+^ {ill, . . . ,ilt„ (j>i, . . . [xi, X2], i/"!, • ■ • iV'r) 

+ X! a9-'^+c^*^'»iCg'''(f^i, • • • ,f^b,01, • . • [Xl,X2],ll'l, ■ ■ ■,iPt) + 

^ajCliVLi, . . . ,fib,0i, . . . ,(/)^, [xi,X2], V'l, ■ • ■ , V'r)- 

(2.87) 

We will derive (|2.86p . (|2.87p momentarily. For now, we observe that by it- 
erative repetition of the above we are reduced to showing (|2.74p . (|2.75p under 
the additional assumption that Z'^ = 0. In that setting, we can just repeatedly 
apply the eraser (see the Appendix in [6] for a definition of this notion) to as 
many factors VV'r as needed in order to reduce ourselves to a new true equation 
where each of the real factors is contracting against at most one of the factors 
VV-i, . . . , VV'r, Vy (or Vxi, Vx2)E3 Then, by invoking Corollary 1 from 
and then re-introducing the factors we erased, we derive our claim. 

Proof of i2.86\) . \2.8'T\j : Picking out the subhnear combination in (|2.84p . 
(|2.85p with one derivative on VF or Vxi and substituting into (|2.72p . (|2.73p 
we derive a new equation: 

^ atX^dm, . . . X^diw.^C*'*!---*" (17i, . . . , rj^, 0i, . . . , y, V'l, • • • , ■0r) + 
a^X*dwiiC^'*i(rii, . . . ,rJb,0i, • ■ ■ ,(f)v,Y,ipi, . . . , V'r) = 

^ujC^ini, ...,nb,(i)i,.. . ,0„,r,V'i, • ■ ■,tpT), 

(2.88) 

^-"^AU remaining factors Vi/ii, . . . , Vi/Jt and also the factor(s) VY (or Vxi, Vx2) are treated 
as factors 

^■^Notice that there will necessarily be at least one non-simple factor S^S/^'^^ Rij^i or 
V'^^n^, by virtue of the factor(s) \7Y (or VoJi, \/ui2), therefore that Corollary can be applied. 
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atX^div^^ . . .X^divi^Cl''^ (ill, . . . , f]^, 0i, . . . [xi,X2],i>i, ■ ■ ■ ,V'r) + 

^ acX,dw,;iC^'*i(f}i, . . . ,fib,0i, . . . ,(/)^, [xi,X2], V'l, . . . , V'r) = 

^ajC^(f]i, . . . .. [xi,X2],i/'i, • ■• ,i/'t); 

(2.89) 

(the sublinear combination X^t^ez^ ■ ■ ■ ^'bove is generic). 

We now divide the index set according to which of the factors VV'2,- • ■ jV-^tiVF 
(or VV'i, • ■ • , VtAt, Vxi) contain the k free indices. Thus we write: T^' = 
UaGA ("sach a & A corresponds to a fc-subset of the set of factors VtAi,. ■ . , VV'r ,VF 
or "Vipi,. . . jVV'rjVxi)- We will then show that for each a ^ A there exists a 
tensor field Y.beB" abCg'"'-""^^ in the form (piMj) or (piBS]) with the first k 
free indices belonging to the factors in the set a, and the free index ^^.^^ not 
belonging to Vipi, so that: 

J2 atC'/^-'" (17i, . . . , 17b, 01, . . . , (l)v,Y, V'l, . . . , V^r)V,,u . . . V,,u- 

a^Cf (r!i, . . . , fib, (/-i, . . . , y, 1^1, . . . , Vr)V,,i; . . . V,,w 
= H aiC*^'*'-'" (f^i, . . . , rJb, . . . , y, V'l, • ■ • , '(/'r)V,ii; . . . V,,w, 

(2.90) 

^ atCY^-^" (fli, . . . , fib, 01, • ■ • [Xi, X2], V'l, • ■ • , V'r)V,iW . . . V,,w- 
X*diVi^_^^ a6C^^*i-*'=+i (17i, . . . , rJb, 01, . . . , 0„, [xi, X2], V'l, • ■ ■ , V^r)Vj,U . . . V^^v 

= (^1' • ■ • ,^&,9^i> ■ • ■ [xi,X2], V'l, ■ • . , V'r)Vj,'(;. . . Vjj^u. 

(2.91) 

If we can show the above for every a G A, then replacing the factor Vu by 
X+div^s we can derive our claim (|2.86p . (|2.87p . 

Proof of IMW, WM): Refer to 1^:55)) and (EjH]). Denote Y or xi by V'r+i 
for uniformity. We pick out any a G A; assume that a = {Vt/'xi, • • ■ , ^V'xfc}- 

Pick out the sublinear combination where the factors V-^xi, • • ■ , '^^xk which 
belong to a are contracting against the same factor as Vt/'i. This sublinear 
combination Zg vanishes separately (i.e. Zg = 0). We then apply the eraser to 
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the factors V'02, • ■ • , G A (notice this is well-defined, since all the above fac- 
tors and the factor Vi/'i are contracting against non-special indices). We obtain 
a new true equation, which we denote by Erase[Zg] = 0. It then follows that 
Erase[Zg] ■ (ViiTpxi^^^v ■ ■ ■ Vi^V'^fc = is our desired conclusion (|2.90p . 

(EUD. □ 

(Sketch of) Proof of (2J^ , (KTSj l IKWjl . ^EM) : These equations can 
be proven by only a slight modification of the idea above. We again subdi- 
vide the index sets T*^ , V'^ according to the set of factors VV'2 , • ■ • , Vi/'r or 
Vtp2, ■ ■ ■ , VV't, Vwi which contain the k free indices (so we write T*^ = Uqsa ^'^'^ 
and V'' = Uqga V''") and we prove the claims above separately for those sub- 
linear combinations. 

To prove this, we pick out the sublinear combination in our hypotheses with 
the factors Viph, h € a contracting against the same factor against which V'0i 
and VY (or V^pl and Vwi) are contracting. Say a = {hi, . . . ,hk}; we then for- 
mally replace the expressions S'*v|.'j'^^^,^;^i?ij7ciV/iV/ii • ■ ■ V'''V'hfcVViV^i/'iV''F 
o^" ■ ■ ■ V'-V'hfc V-'V'iV'y etc, by expressions 

5* vli:^|,i?ijM V*0i VJ'V'i V'^r, V^f "^^^tf^i VVi V*r and derive our claims (l2J8l) . 
(|2J9)) JMH), ((2:83)) as above. □ 

Proof of the claims of our general statement (i.e. V2.68\) . \2. 69\) by induc- 
tion): We will prove these claims by an induction. Our inductive assumptions 
are that flM^ . (^M^ follow from ^M\), (PIFT]) for any weight -W , W < K 
and when W' — K they hold for any length t; + 6 > 7 > 2. We will then show 
the claim when the weight is —K, and w + 6 = 7 + 1. In the end, we will check 
our claims for the base case v -\-b = 2. 

Proof of the inductive step: Refer back to (|2.66p . (|2.67p . We will prove this 
claim in four steps. 

Step 1: Firstly, we will denote by ZIP"" ,'z'r\ Z^^^" the index sets of the 
tensor fields for which Vy or one of the factors Vxi, Vx2 (respectively) is 
contracting against a special index. Then using the inductive assumptions of 
our general claim, we will show that there exists a linear combination of 2-tensor 
fields (indexed in W below) which satisfies all the requirements of (|2.66p , (|2.68p 
so that: 



(2.92) 

where the tensor fields n Z^^ are generic linear combinations of tensor fields of 
the same general type as the ones indexed in Za in (|2.66p . (|2.68p and where in 
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addition none of the factors Vy or Vxi , Vx2 are contracting against a special 
index. 

Thus, if we can show the above, by replacing Vu by an X^,divi, and substi- 
tuting back into (|2.66p . (|2.68p . we are reduced to showing (|2.67p . (I2.69P under 
the additional assumption that Z^p'^'^ = 0. 

Step 2: Then, under the assumption that Z^'^'^ = 0, we will show that we 
can write: 



X.div,, . . . X,dm, acC^g'^-'^ + ajCl^"' , 

where the tensor fields on the RHS are of the general form as the ones indexed in 
Zfy, Za in our hypothesis, and moreover the factor \IY (or the factors Vxi, VX2) 
is (are) not contracting against special indices. 

Notice that if we can show (|2.92p . (|2.93p then we are reduced to showing 
our claim under the additional assumption that for each C, € Za[J Za[J Zf, the 
factor(s) VF (or Vxi, VX2) are not contracting against special indices. We will 
show (|2^ . ((2J3)) below. 

Proof of |i?.6'7| j, 69]) under the additional assumption that for each C, G 
Za U ■^a U the factor VY or (Vxi , Vx2 ) is not contracting against special 
indices: 



Step 3: Proof of below: 

We note that for all the tensor fields in the rest of this proof will not have 
the factor VY (or any of the factors Vxi, VX2) contracting against a special 
index in any factor S^^V'^'^^ Riju or V'^^-'il/i. Now, we arbitrarily pick out one 
factor T = S^V'^'^^ Riju or T ~ V'^^^Vl^ in Ksimp and call it the "chosen factor" 
for the rest of this subsection. 

We will say that the factor VY (or VW2) is contracting against a good index 
in r, if it is contracting against a non-special index in T when T is of the form 
S^V'^'^^ RijM with V > when T is of the form V'-^^^^lx, then it is contracting 
against a good index provided i? > 3. 

We will say that the factor VY (or VW2) is contracting against a bad index 
if it is contracting against the index j in a factor T — S^Rijki or an index in 
a factor T = V^^^fl^. We denote by Z^^^ C Za the index set of tensor fields 
for which VY (or VUJ2) is contracting against a bad index. We also denote 
by Z^^^ C Zf, the index set of the vector fields for which VY is contracting 
against a bad index in T and T also contains a free index. We will show that 
we can write: 
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° ^ " (2.94) 

QfzZ'GOOD y zfOOD j(zj 



where all the tensor fields indexed in ^^good y ^iGOOD generic vector fields 
of the forms indexed in Za,Zi,^ only with the factors VK or Vw2 contracting 
against a good index in the factor T . The tensor fields indexed in H are as 
required in the claim of our general statement (they correspond to the index set 
W in our general statement). 

Step 4: Proof that \2.94\j implies our claims V2.68\) . h2.69\) . 

We start by proving (|2.94p (i.e. we prove Step 3). Then, we will show how 
we can derive our claim from (I2.94p (i.e. we then prove Step 4). 

Proof of Step 3: Proof of {2.94\l '- We can prove this equation by virtue of our 
inductive assumption on our general claim. First, we define C Za to stand 

for the index set of tensor fields where the factor VY (or Vuj2) is contracting 
against a bad index in the chosen factor. We pick out the sublinear combination 
in our Lemma assumption where VY (or V(jJ2) are contracting against the 
chosen factor T = S^^Riju or T — V^^'Tlx)- This sublinear combination must 
vanish separately, and we thus derive an equation: 

aj^X^di-y^iC^-'i + ^ a^X^^divi^ .. .X^^divi^C^-^^ ■■■'"= + 

(2.95) 

where X^,j,divi-^ stands for the sublinear combination for which V^^ is not allowed 
to hit the chosen factor T. ZJ^^^^^ C Zt stands for the index set of tensor fields 
indexed in Zi, with the free index not belonging to the chosen factor and also 
with the factor VY (or VW2) contracting against a bad index. 

Now, define an operation Op[. . . ] which acts on the complete contractions 
above by formally replacing any expression ilx'V^Y (or V^^ ila;V*X2) by 
Vj-D {D is a scalar function), or any expression S:,Rijki'V''(l)i'V^Y (or 
S*Rijki^^<Pi^-'X2) by V[fe6'iV/]6'2. (Denote by Ksimp the simple character of 
these resulting vector fields). Acting on (|2.95p by Op[. . . ] produces a true equa- 
tion, which we may write out as: 
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V- . . ^ . (2.96) 



^BAD j(Zj 



Here X^,^divi stands for the sublinear combination in divi where is not al- 
lowed to hit the factor to which Vi belongs, nor any of the factors V^i , . . . , V0„, 
V^Ai, ■ ■ • , V^/jr, nor any factors VD, V6'i, The vector fields indexed in F 

are generic vector fields with a simple character kaimpi for which the free index 
does not belong to any of the factors V'f/'i , . . . , V^/'t or any of the factors 
VA(Vxi),V0i,V02. 

Now, observe that the above equation falls under our inductive assumption of 
the general statement we are proving: We now either have factors VV'i ,• ■ • , V?Ar , VD, 
or VV-i ,. . . , V , Vxi , VD or Vi/;i , . . . , VV'r , [V6'i , V6I2] or Vt/-! , . . . , V^-r , Vxi , [V6I1 , ^62] 
Notice that the tensor fields indexed in H^^^ , Hj^^^ are precisely the ones that 
contain a free index in one of these factors. Therefore, by our inductive assump- 
tion of the "general claim" we derive that there exists a linear combination of 
2-tensor fields, X^usv ■ ■ ■ ' ('^ith factors VV'i,- ■ ■ ,V'0t,V£' etc, and which satisfy 
the ©-property for the factors VV'i,- ■ ■ ,Vi/'r) so that: 

aMC]l'''^^^v - X,,div,, J2 avC^'V^.v = 

CeZBAoy^ZBAD ^^^^^ 

jeJ 

Now, we define an operation Op~^[...], which acts on the complete contrac- 
tions in the above equation by replacing the factor VjD by an expression 
Vijflx^-'Y (or Vijilx^^i^2) or the expression V[a0iVb]6'2 by S,,Rijab^^4'i^-'y 
(or S^Rijab^^4>i^-' ^2)- The operation Op""^ clearly produces a true equation, 
which is our desired conclusion, (|2.94p . □ 

Proof of Step 4- We derive our conclusions (|2.68p . (|2.69p in pieces. Firstly, 
we show these equations with the sublinear combinations Za replaced by the 
index set Za^spea which index the terms with the free index belonging to the 
factor Vy or Vwi (this will be sub-step A). After proving this claim, we will 
show (|2.68|) . (|2.69p under the additional assumption that Za.spec = (this will 
be sub-step B). 

Proof of sub-step A: We make the Vw's into X^,div's in (|2.94p and replace the 
resulting equations into our Lemma hypothesis. We thus derive a new equation: 
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(2.98) 

Y a^X.div,, . . .X^div^^C^/'-''^ +Ya3C!^g =0' 

where we now have the tensor fields indexed in Za have a free index among the 
factors VV'i, • ■ • , V?Ai-, VF (or VV'i, ■ • ■ , V-^t, Vxi, VX2), and furthermore the 
factor VY (or the factors Vcji, VW2) are not contracting against a bad index in 
the chosen factor T. The tensor fields indexed in have a free index that does 
not belong to one of the factors VtAi , ■ • ■ , V?Ar , VF (or V?Ai , . . . , VV't , Vxi , Vx2 ) , 
and furthermore if the factor VY (or one of the factors Vwi, Vti'2) is contracting 
against a bad index in the chosen factor T, then T does not contain the free 
index . Finally the tensor fields indexed in Z^ each have rank a > 2 and all 
free indices belong to the factors VV'i, ■ • • , V?/^r, VF, (Vwi, Vw2)- We may then 
re-write our equation (|2.98p in the form: 



Y a^X^dm.C^^'^ + Y aQX-^div^^Cf'^ + 
Ce^a cezl 

(2.99) 

Y a^X^div,, . . . X^.dm^C^/'-''^ + J2 "jC'g = 0' 

where now for the tensor fields indexed in Z^' , each a > 1 and the factor VV'i 
does not contain a free index for any of the tensor fields for which VY (or one 
of Vwi, VW2) is contracting against a bad index in the chosen factor. 

We will denote by Z^j C Z^ and Z^j' C Z^' the index sets of tensor fields 
where VF (or one of VoJi, VtJ2) is contracting against a bad index in the chosen 
factor T. 

From (|2.99|) we derive an equation: 



a^X^divi-^ . . . X*»(iwi^Cg'*^ "'° + QjC'^ = 0, 



(2.100) 



where X^^,divi stands for the sublinear combination in X^divi for which Vi is 
in addition no allowed to hit the chosen factor T. 

Then, applying operation Op as in Step 3 and the the inductive assumption 
of the general claim we are proving|ff| and then using the operation Op^^[. . . ] 
as in the proof of Step 3, we derive a new equation: 



''The resulting equation falls under the inductive assumption, as in Step 3. 
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(2.101) 



where the tensor fields indexed in Zqk have rank a > 1 (all free indices not 
belonging to factors VV'i, ■ • ■ , VF or VtAi, ■ • • , VX2) and furthermore have the 
property that the one index in or Vwi is not contracting against a bad 
index in the chosen factor (and it is also not free). Thus, replacing the above 
back into (|2.99p . we derive: 



Y a^X^divi, . . . X.divi^C^/'-'- + Y a-jCi = 0, 



(2.102) 



where the tensor fields indexed in Z^" have the additional restriction that 
if the factor VY (or Vwi, Va;2) is contracting against the chosen factor T then 
it is not contracting against a bad index in T. 

We are now in a position to derive sub-step A from the above: To see this 
claim, we just apply Eraseyy or Erasey^-^ to (|2.102p and multiply the result- 
ing equation by Vi^FV^^u. 

Sub-step B: Now, we are reduced to showing our claim when Za.sjyec — 0- 
In that setting, we denote by Za^s C Za the index set of vector fields in Za for 
which the free index i-^ belongs to the factor VV's ; we prove our claim separately 
for each of the sublinear combinations X^ce^ ■ ■ ■ ■ This claim is proven by 
picking out the sublinear combinations in (|2.66p . (|2.67p where the factors V^/^s 
and VY (or Vxi) are contracting against the same factor; we then apply the 
eraser to Vi/'s (this is well-defined and produces a true equation), and multiply 
by Vii^/'sV*^f . The resulting equation is precisely our claim for the sublinear 
combination X^^e^ ■ ■ ■ ■ 

(Sketch of the) Proof of Steps 1 and 2 (i.e. of l[KM) and [KM) ): We will 
sketch the proof of these claims for the sublinear combinations in 
2;spec y 2'«pe'= [J Z^p^^ where one of the special indices in C^'*^ is an index k or 
; that belongs to a factor S^:V^'^'^ Rijki. The remaining case (where the special 
indices belong to factors V'^^-'fi/i) can be seen by a similar (simpler) argument 1^ 

For each C e Z'J""' [j Z^'' U^!pec We denote by " , C^' '' ■'^ the tensor 
fields that arise from C^''^ Cg'*^ ' *^in (|2.66p . (|2.68p by replacing the expressions 

^■^The only extra feature in this setting is that one must prove the claim by a separate 
induction on the number of factors V^/^z that are contracting against V'^'^fj. 
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5*vf':^...,i?,,,,VViV'=y, 5*vf':^.„%fezVViV'=X2 by a factor V^^^^Xsi^b+i- 
We denote by ksimp the resulting simple character. We derive an equation: 

-C^i -J (2.103) 

a^X^diVi^ . . . X^diVi^Cg''^ + ^ a^Cg = 0. 

Now, again applying the inductive assumption of our general statement, 
we derive that there is a linear combination of tensor fields (indexed in W 
below) with a free index belonging to one of the factors VV'i , ■ • • , ^ipr or 
Vi/'i, . ■ • , VV't, Vxi so that: 



^ ac^^S'''Vu«-X,dzi;,, 5] a^C™V.,i;-^a,cJ. (2.104) 
CGZi""" wew jeJ 

Now, applying an operation Op* to the above which formally replaces the 
factor yi'fl.r^^x by a factor S'*vff.~rl_2-RirA-iferA^'</'i^'^^ or 
5'*Vrf.y!ri_2^irA-iferA^Vi^'^X2, wc derive p.92|) (since we can repeat the per- 
mutations by which (|2.104p is made to hold formally, modulo introducing cor- 
rection terms that allowed in the RHS of p.92p ). 

We will now prove (|2.93p by repeating the induction performed in the "Con- 
sequence" we derived above (where we showed that inductively assuming (|2.84p . 
we can derive ((278)) . ((2J9l) ): 

We will show the claim of Step 2 in pieces: First consider the tensor fields 
indexed in Za,@ of minimum rank 2 (denote the corresponding index set is 

2 

@); we then show that we can write: 



a^Xdm.Xdm^C^''^' 



Cez^m 

a^Xdm^...Xdivi^C^g-''-'^ + Y ai;Xdm^C^'''+ (2.105) 

Y acXdiv,, . . . Xdm^C^g^''-'"^ + J2 ^fi^- 
CeZoK je 

3 

The tensor fields indexed in @, Zb^@ in the RHS are generic linear combina- 
tions in those forms (the first with rank 3) . The tensor fields indexed in Zqk are 
generic linear combinations as allowed in the RHS of our Step 2. Assuming we 
can prove (|2.105p , we are then reduced to showing our claim when the minimum 
rank among the tensor fields indexed in ZaM is 3. We may then "forget" about 
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any Xdivi^^ where belongs to the factor Vil^i. Therefore, we are reduced to 

showing our claim when the minimum rank is 2 and the factor VV'i does not 

contain a free index. We then show our claim by an induction (for the rest of 

this derivation, all tensor fields will not have a free index in the factor Vt/ii): 

Assume that the minimum rank of the tensor fields indexed in Za,@ is fc, and 
}^ 

they are indexed in Z^@. We then show that we can write: 



^ a^Xdiv^, . ..Xdm^C^^'^ -'" = 

^ acXdiv,,...Xdiv,,^,Ci/^-'''+^+ ^ acXdiv,,C</^+ (2.IO6) 

ac_Xdivr, . . . Xdm^C^/'-'- + ^ ajC\ 
3 

The tensor fields indexed in @, .Zf,,® in the the RHS are generic linear com- 
binations in those forms (the first with rank fc + 1). The tensor fields indexed 
in Zqk are generic linear combinations as allowed in the RHS of our Step 2. 
Iteratively repeating this step we are reduced to showing our Step 2 when 

ZaM = 0- 

In that case we then assume that the tensor fields indexed in Zb_@ have 
minimum rank k (and the corresponding index set is Zj^^) and we show that 
we can write: 



(2.107) 



a^Xdiv,, . ..Xdm^C^/'-'" = 

J2 acXdm, . . .Xdm,^,C^/'-"'+' + 

Y aQXdiv,,...Xdiv,^Cf'^-''^ +^ajC^ 

(with the same conventions as in the above equation). 

If we can prove (|2.105p and (|2.107p we will have shown our step 2. 

Proof of H2.105\) . h2.106\) . \2 101^ : We start with a small remark: If the 
chosen factor is of the form S^'V'^'^'' Rijki, we replace our assumption by a more 
convenient equation: Consider the tensor fields C^'*i - *°, ^ G •Z'a,® U ■^6,®! 
we denote by C'C.*i - «" the tensor fields that arise from C^''^ - *" by replacing 
the expression vfi^..r„i?ijfc; V*^i V'^F (or v[i^...r„i?ijfei V*^iV'^X2) by a factor 
^ri~'^r^ j;^p+i- then derive an equation: 
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CeZa U Zt 

+ X!"J^9(^1' ■ ■ ■ '^P+l''^2, ■■■,<l>u, {Xi),i^i, ■ ■ ■,iPt)- 

(2.108) 

Now we can derive our claims: 

Proof of h2.106\) : We divide the index set according to the two fac- 

tors which contain the two free indices and we show our claim for each of those 
tensor fields separately. The proof goes as follows: We pick out the sublin- 
ear combination in our hypothesis (or in (j2.108p ) where the factors Vi/'/i, VV'/i' 
(or V';/'?!, VX2) are contracting against the same factor. Clearly, this sublinear 
combination, Xg, vanishes separately. We then formally erase the factor Vipu- 
Then, we may apply the inductive assumption of our general claim to the re- 
sulting equation (the minimum rank of the tensor fields will be 1), and (in case 
our assumption is (|2.108p we also apply an operation Op~^ which replaces the 

factor V^r'l.ry^+i by 5,vlr.r„-2^»r,_ifcr, V>iV*''y(V'=xi)). This is our de- 
sired conclusion. 

Proof of (MW, WTU^ : Now, we show (I^ITO for the subset Z^'g (which 
indexes the fc-tensor fields for which the free indices , . . . , i^, belong to a cho- 
sen subset of the factors V^"!, . . . , VV^^, (^Xi) (hence the label a designates the 
chosen subset). To prove this equation, we pick out the sublinear combination 
in the equation l|2.108p where the factors VV'2, ■ • • , VV'r, (Vxi) (indexed in a) 
are contracting against the same factor as VV'i- Then we apply the eraser to 
these factors and the indices they contract against. This is our desired conclu- 
sion. To show (|2.107p . we only have to treat the factors Viph as factors V0;i. 
The claim then follows by applying Corollary 1 in [6] and making the factors 
Vu into Xdiv's^ □ 

Proof of the base case (v + b = 2) of the general claim: We firstly prove our 
claim when our hypothesis is (|2.67p (as opposed to (|2.66p ). 

Proof of the base case under the hypothesis {2.61^ : We observe that the 
weight —Kui our assumption must satisfy iir>2T-|-8ifu>0 and K >2t + Q 
if u = 0. 

First consider the case where we have the strict inequalities K > 2r -I- 8 
if u > and K > 2t + 6 ii v ~ Q. In that case our first claim of the base 
case can be proven straightforwardly, by picking out a removable index in each 
C|'*° , C e Za and treating it as an X^^div (which can be done when we only have 

Observe that by virtue of the factor Vi/)i, we must have at least one non-simple factor 
St'V^'^') Rijkl or V^^'Qh in Il2.108l l-hence 112.1081 1 does not fall under any of the "forbidden 
cases" of Corollary 1 in [6], by inspection. 
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two real factors). Thus, in this setting we only have to show our second claims 
(|2J0l) . (12711) . 

In this setting, by using the "manual" constructions as in [5], we can con- 
struct explicit tensor fields which satisfy all the assumptions of our claim in the 
base case (each with rank > 2), so that: 



x+dm, ^ ai^c^''^ {ni,...,nb, (1)1,..., <j>^, [xi, X2],tpi, tpr) = 

^ aqX+divi^C^''" {ni, ...,nb,(j>i,.. [xi,X2],'0i, • ■ ■,iPt)+ 

apX+dm, . . . X+divi^^,CP-''^-'^+^{ni, ...,nb,(j)i,...,(t>v,[xi,X2], 

pGP 

V'l,...,l/'r)+X!"j^S 



(2.109) 



Here the tensor field (jP''^---^''+^ j-jg [j^ qj-^^ Qf three forms: 
If 7j = 2 then each (7P^*i - *<^+i .^^i^ ]-,g the form: 



c+l 



[V^Xi ® VyX2] ® • ■ • ® V/>, ® V^'^i ® V"^02), 



(2.110) 



where . . . , 6;i, di, . . . , dj^} = {1, . . . ,r}. 

If u = 1 then X^pep • ■ • = (this can be arranged because of the two anti- 
symmetric indices k,i in the one factor S^,'V'''^^ Rijkl)■ 
l^ v = then each (7P'*i - *<=+i .y^rill be in the form: 

where ... ... = {1, ... ,r}. „„ 

Then, picking out the sublinear combination in (|2.120p . (|2.12ip with factors 
Vipi, . . . , VV'rj Vxi, Vx2 we derive that J^peP ' ' ' ^ This is precisely our 
desired conclusion in this case. 

Now, the case where we have the equalities in our Lemma hypothesis, K = 
2t + 8 if u > and i^T = 2t + 6 if v = 0. In this case we note that in our 
hypothesis Zh — %\iv^\, while Zq = Za = if w = 1. 

Then, if v 7^ 1, by the "manual" constructions as in j5j, it follows that we 
can construct tensor fields (as required in the claim of our "general claim"), so 
that: 
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X,dTOi2acC^'*'*'(f^l, ■ ■ ■ ,^b,<l>l, ■ ■ -Av, [Xl,X2],'01, • ■ ■ ,'0r)VjiU 
a*C*''^(f7i, . . . ,rj6,0i, . . ., (/),„, [X1,X2], V"!, ■ • . ,'0r)V,;iW+ 

XajC^'''i(f7i, . . . ,r26,(/)i, . . . [xi,X2],i/'i, ■ • . ,i/'t)VjiI;, 
where the tensor field C*'*^ is in the form: 

[V^iXi ® Vj'X2] ® V/,Vi • • • ® V/>^ (8) ^'4)1 (8) V^'c^s), 
if u = 2, and in the form: 

pcontr{v'^''+'^^^'"'^\ni «) V^"*rJ2® 



(2.112) 



(2.113) 



(2.114) 



if u = 0. 

Thus, we are reduced to the case where Za only consists of the vector field 
(|2.113p or (|2.114p . and all other tensor fields in our Lemma hypothesis have 
rank > 2 (we have denoted their index set by Z'^). We then show that we can 
write: 



X+div,^ X a(;C^^*i(f^l,...,rif,,01,...,(/)^,[Xl,X2],V'l,---,'0r) = 

X agX+diWj,C«''i(f^i, . . . ,fib,0i, . . . [xi,X2],V'i, • ■ • , V'r) + 

X apX+divi, . . .X+dwi^_^iC^''i---*'=+i(fJi, . . . , rj^, . . . [xi, X2], i/'i, ■ • ■ ,i/'t) 

(2.115) 

where the tensor fields indexed in P here each have rank > 2 and are all in the 
form: 



^^^^ R Q R fl"'^ 

(2.116) 

[VjiXl ^ Vj-,X2] Vj,,Vl • ■ • ® '^y.i'T ® V^i0i 8) V^^02), 
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[v^iXi «) yj'X2] «) Vj,, • ■ ■ ® Vj,>^), 

where each of the indices ■^'^ is contracting against one of the indices . The 
indices that are not contracting against an index are free indices. 

Then, replacing the above into our Lemma hypothesis (and making all the 
V-u's ito X^div^s), we derive that Up — for every p E P and a* = 0. This 
concludes the proof of the base case when v + b = 2, v ^ 1. In the case v = 1 
we show our claim by just observing that we can write: 

X! aqX+d-ivhC^''^{ni, ...,nb,(j)i, [xi,X2],ipi, ■■■,iI't) (2.118) 

+ ^o.jC^g{ni, ...,nb,(j>i, [xi,x2],tpi, ■ • ■ ,i/'t); 

J" 6./ 

this concludes the proof of the base case, when the tensor fields in our Lemma 
hypothesis are in the form ([2?67|l . 

Now, we consider the setting where our hypothesis is (|2.66p . We again 
observe that if v = then the weight —K in our hypothesis must satisfy K > 
2r + 4. If ?; > it must satisfy K > 2t + Q. We then again first consider the 
case where we have the strict inequalities in the hypothesis of our general claim. 

In this case (where we have the strict inequalities K>2T + 4:iiv~0 and 
K > 2t + 6 ii V ^ 0) our first claim follows straightforwardly (as above, we just 
pick out one removable index in each C^'^'^X G -^^a and treat it as an X^,div). 
To show the second claim we proceed much as before: 

We can "manually" construct tensor fields in order to write: 

X+divi^ X! acCg'''(^i;---;^6:^i>---><Ai'i^.V'i.---:V'T) = 

C(^K U Zb 

^ aqX+diVi^Cl'^-'iVLi, . . . , f^h, . . . [xi,X2],V'i, • ■ • ,V'r)+ 

^ GpX+divi^ . . .X+dwi^^,C^'*i--''=+^(17i, . . . . . . [xi,X2],tpi, ■ • ■ ,V'r) 

(2.119) 

Here the tensor field (7P''i --*'=+i be in one of three forms: 
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Uv^2 then each 0^-'"+' will be: 

where . . . , bh+i, di, . • . , rf^+i} = {1, . . . , r + 1}. 

If w = 1 then J2p£P • • • = (this is because of the two antisymmetric indices 
k,i in the one factor S^.V^"^ Rijki)- 

If V = then each (7P'*i - *<^+i -^wi ya the form: 

pcan^iy^^^^t::'':^s^^ « ^^^^^^^ 

where ... ... = {1, ... ,r + 1}. 

Then, picking out the sublinear combination in (|2.120p . (|2.12ip with factors 
VV'i, . . . , VV^r, Vy we derive that X^peP ■ ' ■ = 0. This is precisely our desired 
conclusion in this case. 

Finally, we prove our claim when we have the equalities K = 2t ^ Aii v <2 
and if = 2t + 6 if w = 2) in the hypothesis of our general claim. 

In this case by "manually" constructing X^div^s so that we can write: 



J2 aqX+div,, . . . X+d^v,^CY'-'- (f^i, . . . rif,, y, 1^1, . . . , Vr) + 
apX+div,, . . . X+div,^Cf^-'- (r!i, ... fife, y, Vi, ^r) 

+ ^a,q(f}i,...i]b,r,Vi,...,V'r). 



(2.122) 



Here the tensor fields indexed in P are in the following form: 
If w = then they will either be in the form: 



(2.123) 

(where {xi, . . . ,Xr} — {1, . • . , r}), or in the form: 

pcontr{VgY ® v'^^^^^^'-^^" ® ^ V/,Vi «>■■■«) V/>r), 

(2.124) 
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(where {a;i, . . .,Xr} = {1, • • • ,t}). 
If V ~ 2 they will be in the form: 



(2.125) 

(where {a:i, . . . ,Xr} = {1, • ■ • ,t}), or in the form: 
If w = 1 the equation (I2.122p will hold with F = 0: 

Then, picking out the sublinear combination in (|2.122p which consists of 
terms with a factor VF and replacing into our hypothesis, we derive that the 
coefhcient of each of the tensor fields indexed in P must be zero. This completes 
the proof of our claim. □ 

2.5 Proof of Lemmas D 

Proof of Lemma[ 



The first claim follows immediately, since each tensor field has a removable 
index (thus each tensor field separately can be written as an X^,div). 

The proof of the second claim essentially follows the "manual" construction 
of divergences, as in [S]. By "manually" constructing explicit divergences out of 
each (^fi^^ . . . ^ 0i, . . . , h e H2, we derive that we can write: 



^ ahXdiv,, . . . Xdiv^^C^'^'-'" (f^i, flp, y, </>!,... , (j>u) = 

heH2 

{Const)iXdivi^ . . . Xdivi^cY^ . . . , 17p, F, 01, . . . ,0,1) + 
{Const)2Xdivi^ . . . Xdiwi^Cg'*''"''^ (Jli, . . . ,flp,Y,(j)i, . . . ,(/)„)+ ^2 127) 
OqXdiVi^ . . . Xdivi^Cf^-'" (f^i, . . . , 17p, y, 01, . . . , 0„)+ 

^ajC^(f]i, . . . 01, . . . ,0„), 

where the tensor fields indexed in Q are as required by our Lemma hypothesis, 
while the tensor fields , are explicit tensor fields which we will write out 
below (they depend on the values v. cti . cr^)!^ 

^^In some cases there will be no tensor fields , (in which case we will just say that in 
112.1271 1 we have (Const)i = 0, {Const)2 = 0). 



71 



We will then show that in (|2.127p we will have (Const)i = (Const)2 = 0. 
That will complete the proof of Lemma 12.21 We distinguish cases based on the 
value of p: Either p = 2 or p = 1 or p = 0. 

The case p = 2: With no loss of generality we assume that the factor 
is contracting against the factors V4>i, . . . ,\7(j)x and V*^^^02 is con- 
tracting against S/cjjx+i, ■ ■ ■ ,^(j)x+t', we may also assume wlog that x < t. By 
manually constructing divergences, it follows that we can derive (|2.127p . where 
each of the tensor fields C^,C^ will be in the forms, respectively: 

pcontr{\7,_^Y ® vi^U,^,„,n, ® V^f ..^^^^^^...^^^^ll^ V-0i ® • • • ® V^'0„), 

(2.128) 

(where if t > 2 then S — 0, otherwise t + S = 2), or: 



(2.129) 

(where if t > 2 then i5 = 0, otherwise t + 5 = 2). 

The case p = 1: We "manually" construct divergences to derive (|2.127p , 
where if ai = 1 then there are no tensor fields , (and hence (|2.127p is our 
desired conclusion); if cri = 0, (T2 = 1 then there is only the tensor field in 
(|2.127p and it is in the form: 



pcontriV^Y 5.vi^L.n.....^^H+i^.+.. ® ^1!^Lh^.-^.,s^^ (2.130) 



'2 

where if t > 2 then (5 = 0, otherwise S — 2 — t. 



The case p = 0: We have three subcases: Firstly (T2 = 2, secondly ((T2 = 
1, (Ti — 1), and thirdly ci = 2. 

In the case CT2 — 2, the tensor fields C^, must be in the forms, respectively: 



pcontr{Vi,Y ® S'*V 



R 



V2...v^ii...i^i^''iii + li-)+2l 



(2.131) 



pcontriV^Y ® S.V%l,,^,^,,,,^Ru,^,.^^,i ® SM^-}IR,..^^,,^J ^^^^ 

vVi ® v''02 «> v^i(/)3 • • • ® v^'0„), 

(if a; = i = then the tensor field above will not be present). 

In the case ci = 2, the tensor fields C-^, must be in one of the two forms: 



72 



(2.133) 



®V^i0i(g)---(g)V^V«)- 

In the case ci = 1,0-2 = 1 , there will be only one tensor field , in the 
form: 



We then derive that {Const)i — {Const)2 = as in (by picking out the 
sublinear combination in (|2.127p that consists of complete contractions with a 
factor VF-differentiated only once). 



Proof of Lemma [ 
We again "manually" construct explicit Xdiv^ to write: 

hGH2 

{Const)iXdivi^ . . . Xdwi^Cg'''"'*'^ (fii, . . . , lip, F, 0i, . . . ,(j)u)+ 
{Const)2Xdivi^ . . . Xdivi^cf''^'""^ {Qi, . . . ,Qp,Y, (j)!, . . . , 4>u)+ 

oqXdivi, . . . xdivi^cf^-'" (r^i, . . . , r^p, r, (^1, . . . , 

96Q 



(2.136) 



^a,C^(f}i,...,r!p,r,0i,...,0„), 

where the tensor fields indexed in Q are as required by our Lemma hypothesis, 
while the tensor fields , are explicit tensor fields which we will write out 
below (they depend on the values p,ai,a2). In some cases there will be no 
tensor fields C^,C^ (in which case we will just say that in (|2.127p we have 
{Const)i = 0, {Const)2 = 0). 

The case p — 2: With no loss of generality we assume that the factor 
is contracting against the factors V0i,...,V0a; and V'-^'il2 is con- 
tracting against Vc/jx+i, ■ ■ ■ , V^^^^; we may also assume wlog that x < t. By 
manual construction of divergences, it follows that we can derive (|2.127p . where 
there is only the tensor field and it is in the form: 
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(2.137) 

(where ii t > 1 then S = Q, otherwise S — 1). 

The case p = I: We "manually" construct divergences to derive (|2.136p . 
where: if (Ti = 1 then there are no tensor fields , in the RHS of (|2.136p 
(and this is our desired conclusion); if (Ti = 0, (72 = 1 then there is only the 
tensor field in the RHS of ()2.136|) and it is of the form: 

^V^i^a^-'-^V^Vn), 

(2.138) 

where if t > 2 then (5 = 0, otherwise S = 2 — t. 

The case p — 0: We have three subcases: Firstly (72 = 2, secondly ((72 = 
1, (7i = 1), and thirdly ai = 2. 

In the case (72 = 2, the tensor fields C\ in the RHS of p.l27p wiU be in 
the two forms, respectively: 



(2.139) 



(2.140) 



pcontr{VipUJi ® V«lw2 «> -5** V^^^^..„^,^...,^i?j,^+ij^_^2p® 
In the case ai = 2, the tensor fields C^,C^ will be the forms, respectively: 



'1 



V^'( 



(2.142) 



(if at least one of the two factors V'^'^^Riju is contracting against a factor V^^. 
Otherwise, we can prove (|2.136p with no tensor fields C^, on the RHS). 

In the case t7i — 1,(72 = 1, the tensor fields C^,C^ must be in the forms, 
respectively: 
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vi . ..Vxil 




'7 + 1*7 + 2^ 




(2.143) 



«)VVi«)V"i02«'---«)V^'</.i,). 




(2.144) 



We then derive that {Const) i — {Const)2 = by picking out the subhnear 
combination in (|2.136p that consists of complete contractions with two factors 
VF, Vu;2-each factor differentiated only once). □ 

3 The proof of Proposition 11.11 in the special 
cases: 

3.1 The direct proof of Proposition II. Il (in case II) in the 
"special cases". 

We now prove Proposition ll . ll directlv in the special subcases of case II. We recall 
the setting of the special subcases of Proposition 1 1 . 1 1 in case II are as follows: In 
subcase IIA for each /i-tensor field of maximal refined double character, - 
there is a unique factor in the form T — \/^™''^ Rij^i for which two internal indices 
are free, and each derivative index is either free or contracting against a factor 
V(/)/i. For subcase IIB there is a unique factor in the form T = V'^^^Aijki 
for which one internal index is free, and each derivative index is either free or 
contracting against a factor \/(ph- In both sucases IIA, IIB there is at least one 
free derivative index in the factor T. 

Moreover, both in subcases llA, IIB, all other real factors in Cg ^' ^ ^ are 
either in the form S^Rijki or V'^^-'fih, or they are in the form V'^"^^ Rijki, where 
all the m derivative indices contract against factors Vo!)^ 

In order to prove Proposition 11.11 directly in the special subcases of subcases 
IIA, IIB we will rely on a new Lemma: 

Our new Lemma deals with two different settings, which we will label setting 
A and setting B below. 

In setting A, we let 



^^For the rest of this subsection, we will slightly abuse notation and not write out the 
derivative indices that contract against factors Vi/)^— we will thus refer to factors Rijki, setting 
m = 0. 



^a,C^''-v(f]i,...,^]p, </-!,..., 0„) 
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stand for a linear combination of /j,-tensor fields with one factor V^'^'^Rijki con- 
taining a > 2 free indices, distributed according to the pattern 
^(/ree) {free)^ifree)j{free)h ^-^d all Other Other factors being all in one of the 

forms RijkuS^tRijkijV^^'^^h- (I-C they have no removable indices). 
In setting B we let 

^a,C^''— '-(f]i,...,^]p,0i,...,0„) 

stand for a linear combination of /i-tensor fields with one factor S/'^"^^ Riju con- 
taining a > 2 free indices, distributed according to the pattern 
^(/ree) {free)-^ifree)j{free)h s-^d all but One of the othcr factors being in one of 
the forms Riju^S^^Riju, V^^-'fi/i; one of the other factors (which we label T') will 
be in the form V Rijki,S^V Riju^ V^^^fi/i. We will call this other factor "the fac- 
tor with the extra derivative" . Moreover, in setting B we impose the additional 
restriction that if both the indices j, / in the factor '^'"^J^,,^^ (/ree)^(/^ee)j(/ree)i 
contract against the same other factor T', then either T' is not the factor with 
the extra derivative, or if it is, then T' is in the form VsRabcd, and furthermore 
the indices j,i contract against the indices b,c o,nd we assume that the indices 
s, o, c are symmetrized overF^ 

Lemma 3.1 Let'^^^j^aiCg'^^ '^'^ be a linear combination of ^-tensor fields as 
described above. We assume the following special case of |J.7| ).' 

aiXdiv^, . . . Xdiv,^C'/^-'>^ (fii, . . . , fip, 01, . . . , 

ieL[j L' 

ahXdiv^^ ...Xdii;^^Cg''''"*'^(rii,...,f2p,</)i,...,(^„) (3 2) 

+ Y"-jC'gi^i^ . . . ,rjp,(/)i, . . . ,0„); 

here, in both cases A and B the terms indexed in L will be as described above; 
the ^-tensor fields indexed in L' will have fewer than a free indices in any given 
factor of the form V^-^"^ Rijki- The tensor felds indexed in H each have rank 
> /i and also each of them has fewer than a free indices in any given factor of 
the form \/^"^^ Rijki ■ Finally, the terms indexed in J are simply subsequent to 

We claim that: 

^azC^'^-vv.,u...V.^t; = 0. (3.2) 

^*In other words, in that case the factors T,T' contract according to the pattern: 
^(7ree)...(/ree)-^(/'-ee)j(/ree)iV(s-Ra-''°d): where the indices s,a,d are symmetrized over. 



76 



We will prove this Lemma shortly. Let us now, however, note how the above 
Lemma directly implies Proposition 11.11 in the special subcases IIA (directly) 
and IIB (after some manipulation). 

Lemma \3.1\ imvlies Provosition \l.l\ in the special subcases of case II: 
We first start with subcase IIA: Consider the sublinear combination of /i- 
tensor fields of maximal refined double character in (|1.7p . Denote their index 
set by LMax C L. Recall that since we are considering the subcase where (|1.7p 
falls under the special case of Proposition [TTl] in case IIA, it follows that for each 
Cg'''- '^ there is a unique factor in the form V^'^'^Rijki for which two internal 
indices are free, and each derivative index is either free or contracting against a 
factor Vfjih', denote by M + 2 the number of free indices in that factorPi 

Now, by weight considerations (since we are in a special subcase of Propo- 
sition 11.11 in case IIA) , any tensor field of rank > ^ in (|1.7p must have strictly 
fewer than AI+2 free indices in any given factor 'V'^"^^Rijki ■ Therefore in subcase 
lA, (|1.7p is of the form (|3.ip . with L]\iax C L. Therefore, we apply Lemma [57T] 
to (jl.7p and pick out the sublinear combination of terms with a refined double 
character Doub{L^), z e Z'j^^^^^ we thus obtain a new true equation, since p.2p 
holds formally, and the double character is invariant under the formal permuta- 
tions of indices that make p.2p formally zero. This proves our claim in subcase 
IIA. 



Now we deal with subcase IIB: 

We consider the /x-tensor fields of maximal refined double character in (jl.7p . 
By definition (since we now fall under a special case) , they will each have a factor 
in the form V^^^'^^^ (^free)-^ifree)jkij with a total of Af -f 1 > 1 free indicesF^ 
Each of the other factors will be in the form Rijki or be simple factors in the 
form S^Rijki, or in the form V^^-'ri/i. 

We denote by L C i the index set of /i-tensor fields with M + 1 free indices 
m a factor V^^'^R.jM- It follows by weight considerations that the factor in 
question will be unique for each Cg*^' ■ £ L. We then start out with some 
explicit manipulation of the terms indexed in L: 

We will prove that there exists a linear combination of /i + 1-tensor fields, 
Yl,h^H ^hCg'^^'"^"^^ , as allowed in the statement of Proposition [TTTl so that: 



^ ^ (3-3) 



S^So we set a = M + 2. 



'^''Recall that , z £ ^Max ^^'^ collection of maximal refined double characters that 
Proposition 11.11 deals with. 
'^^So, we set o = M -I- 1. 
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Here the /^-tensor fields indexed in Ln^w have a factor 

^ ~ ^(/^ee^)^ (free)-^(free)j(free)u ^-nd 0716 other factor T' has an extra deriva- 
tive (meaning that T' is either in the form VRiju or S^VRijki, or V'-^-'Sl/j). 
Moreover if both indices j , ; in T contract against indices ^ , ' in the same fac- 
tor T" and at least one of ^ , ' is removable, then T' ^ T" . Clearly, p.3p in 
conjunction with Lemma 13.11 implies Proposition 11.11 in the "special cases" of 
case II. So, matters are reduced to showing p.3|) (and then deriving Lemma lXTj) . 

Proof of Ii3.3\) : We first apply the second Bianchi identity to the factor 
T to move one of the derivative free indices ito the position in the factor 

^(/ree^ {free)-^(free)j(free)i- Thus, wc derive that modulo tcrms of length > 
a + u+1: 

where the partial contractions (^^'^'^i - v ^ - v j^g^ye the factor T replaced by 

a factor in the form: V[."^'^^^) ...{free)^{free)j{free)U "^[(free) . . . (/ree) ^(/ree) j fe(/ree) , 

respectively. We then erase the indices fe,/ in these two factors (thus creating 
a new tensor field (7^'i'*i---'VV+i^(^^^2,ii...,4,,ij,+i^ creating a free index i^^+J, 
and subtract the Xdivi^^^ [■ ■ ■] of the corresponding (/i -I- l)-tensor field. We 
then derive an equation: 

where all the tensor fields indexed in i„etu satisfy the required property of 
Lemma 13. 1[ except for the fact that one could have both indices j , ; in the 
factor Vj^^gjj'' (^frf,f,)R{free)j{free)i Contracting against indices ^ , ' in a factor 

T' which has an additionnal derivative index. If - i g Lnew is not in 
the form allowed in the claim of Lemma 13. 1[ then (after possibly applying the 
second Bianchi identity and possibly introducing simply subsequent complete 
contractions) we may arrange that one of the indices ^ , ' is a derivative index. 

In that case we construct another (/i-|-l)-tensor field by erasing the derivative 
index ^ or ' and making the index j or j in a free index i^^j^. Then, subtracting 
the corresponding Xdivi^_^-^ of this new {fi + l)-tensor field, we derive our claim. 
□ 

Therefore, matters are reduced to proving Lemma |3. II 
Proof of Lemma \3.1[ 

Let us start with some notational conventions 

Recall the first variation law of the curvature tensor under variations by a 
symmetric 2-tensor by Vij : For any complete or partial contraction T{gij) (which 
is a function of the metric g^j), we define: Image]^.. = ^\t=o[r{gij -\'tvij)\. (We 
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write Image\.. [. . . ] or Imagel^^ [■ ■ ■] below to stress that we are varying by a 
2-tensor, rather than just by a scalar). 

We consider the equation Iniage\. \Lg\ = (which corresponds to the first 
metric variation of our Lemma hypothesis (i.e. of (|1.7p V This equation holds 
modulo complete contractions with at least cr + m + 1 factors. 

Thus, we derive a new local equation: 



aiXdivi^ . . . Xdivi^Imagel^^lCg'''^---"'^] 
+ ^ aiXdivi^ . . . Xdivi^Imagel^^lCg'"'^---"''] 
^^ajImagel^^[Cl], 



(3.5) 



which holds modulo terms of length > a + u + 1. 

Now, we wish to pass from the local equation above to an integral equation, 
and then to apply the silly divergence formula from [1] to that integral equation 
(thus deriving a new local equation). 

In order to do this, we start by introducing some more notation: Let us 
write out: 



where each (^Mi - '" is in the form: 



pcontr{\/if+^\^^Vab «> V("i)i?,jfei ® • • • ® V^^^-i^i? V^^'^^rii V^''^'>np 

(3.6) 

For our next technical tool we introduce some notation: For each tensor 
field (7^'*! in the form above, we denote by Cg the complete contraction that 
arises by hitting each factor Ti [i = 1,2,3) by m derivative indices V"^ ' "™, 
where are the free indices that belong to Ti in CY^'"^"^ (thus we 

obtain a factor with m internal contraction, each involving a derivative in- 
dex). Notice there is a one-to-one correspondence between the tensor fields 
and the complete contractions we are constructing. We can then easily ob- 
serve that there are two linear combinations T,reRiO'rCg{Vti, . . . ftp, 0i, . . . , 0„), 
YireR20'rCg{ni, . . . rip, 01, . . . , (/)„) where each Cg,r d Ri has at least a + u + 1 
factors, while each Cg,r € R2 has a + u factors but at least one 

factor V(pV/i 7^ 

A(/>/j with p > 2, so that for any compact orientable {M,g): 

/ 11°' II atCl^*{Vab) + ('rCliVab) + ^ a. (t^ab ) rfK, = (3.7) 

•^^^ leL tdTi- reRi refla 



79 



(denote the integrand of the above by Zg{vab))- Here again each C| has a + u 
factors and all factors V</>/i have only one derivative but its simple character is 
subsequent to k. We call this technique (of going from the local equation p.Sp 
to the integral equation (j3.7p ) the '"inverse integration by parts". 

Now, we derive a "silly divergence formula" from the above by performing 
integrations by parts with respect to the factor V'^^^Vab (until we are left with 
a factor tiofc-without derivatives). This produces a new local equation which we 
denote by silly[Zg{vab)] = 0. We will be using this equation in our derivation 
of Lemma 13.11 

Now, for each - I £ L, we consider the factor 
T = v|y^gg^ {free)^(free)j{free)i with the M + 2 free iudiccs. We define to be 
the factor in - that contracts against the index j in T and by T' to be the 
factor in - that contracts against the index i in T. We define L^ame C L 
to be the index set of tensor fields for which —T^', we define Lnot.same C L 
to be the index set of tensor fields for which ^ T' . We will then prove p.2p 
separately for the two sublinear combinations indexed in Lsame, Lnot.same- 

Proof of i3.^) for the index set Lgame'- 

We first prove our claim for > 3 and then note how to prove it when cr = 3. 

Consider silly[Lg{fli, . . . , flp, . . . , (j>u,Vab)] — 0. Pick out the sublinear 
combination silly +[Lg{U,i, . . . , ilp, 0i, . . . , Vab)] = with /x — M — 2 internal 
contractions, and with the indices in the factor Vab contracting against a factor 
T' which either has no extra derivative indices, or if it does, then the contraction 
is according to the pattern w"'' ® WgRajU', we also require that the two factors 
T", T'" with an extra M + 2 extra derivatives each. This sublinear combination 
must vanish separately, hence we derive: 

silly+[Zg{ni, . . . ,r2p,0i, . . . , Wafc)] = 0. (3.8) 

We also observe that this sublinear combination can only arise (in the process of 
passing from the equation Lg — to deriving silly ^[Zg{vab)] = 0) by replacing 

the factor v|J2e)...(/ree)^(/'-ee)j(/r-ee)i by v| J^e) . . . (/ree) ^^j' ^ud then (in the in- 
verse integration by parts) replacing all fi free indices by internal contractions 
and finally integrating by parts the M + 2 pairs of derivative indices (V, Va) 
and forcing all upper indices hit a factor T" ^ T' and the lower indices to hit a 
factor T'" ^ T', T'" ^ T"^ 

Thus, we can prove our claim by starting from the equation (|3.8p and ap- 



pling Subi, II — M — 2 times 
of contracting derivatives 



just applying the eraser to the extra M + 2 pairs 
and then replacing the factor Vab by 



^2(Thus the factor V^^|.^j (free)^i' ^'^^^ replaced by A'^'^+'^Vij). 
''^^The fact that a > 3 ensures the existence of two such factors. 
'^^See the Appendix in |3] and just set u) = v. 

'^^This can be done by just repeating the proof of the "Eraser" Lemma in the Appendix of 



0. 
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'^rilr M Riajb^^^v . . . V"^^ u V°wV''u. Finally we just divide by the combinatio- 
rial constant ("^2 ■ 

Let us now consider the case a — 3: In those case the terms of maxi- 
mal refined double character can only arise in the subcase IIAI3 and can 
only be in one of the forms: ^\j^ri,e) {free)-^{f'^ee)j{free)i 

'^u'Xe)...(free)R(freeyj(free)l®R''^^®R{free)\j^^^))- ThuS, in that CaSC WC de- 
fine silly+[Zg{vab)] to stand for the terms (t'j7'»vif^+2+2^'''''®'^lf!^M+4^fe"i). 

§5 v(f^+^)^^i?'J"'='(V(*^+2))*-*-+= ® respectively, and then 

repeat the argument above. 

Proof of Ii3. 2fl for the index set Lnot.same'- 

We prove our claim in steps: We first denote by i„of.same ^ Lnot.same 
the index set of tensor fields in Lnot.same for which both indices j,; in the 
factor T = v|^^|,gj {free)R'ifree)j{free)i contract against special indices in factors 

,T'- of the form S^Rijki- We will firstly prove that: 



J2 aiC^'*^-^''V,,u...V.,,i;= ^azC^^^-vv,,u...V,,.u. (3.9) 

Here the terms in the RHS have all the features of the terms in Lnot.same, but in 
addition at most one of the indices in the factor T — v|*^).g^ {free)Rifree)j{free)i 
contract against a special index in a factor of the form S^Rijki- Thus, if we can 
prove p.9p . we are reduced to proving our claim under the additional assumption 

that Lnot.same = ^- _ 

For our next claim, we denote by Lnot.same ^ Lnot.same the index set of 
tensor ields in Lnot.same for which one of the indices j,i in the factor T = 
^(/ree) (free)R(free)j(free)i contracts against a spccial iudcx in factors T^,T^ 
of the form S^,Rijki- 

We will then prove that: 



^ a,C^^^-vV,,z;...V„.z;= ^ azC^^^-^-V,,z;...V,,.i;. (3.10) 

Here the terms in the RHS have all the features of the terms in Lnot.same, but 
in addition none of the indices in the factor T = v|*^|,gj (free)R{free)j(free)i 
contracting against a special index in a factors of the form S^Rijki- Thus, if 
we can prove p.9p . we are reduced to proving our claim under the additionnal 
assumption that for eac - ^ i £ the two indices j,i in the factor T = 

^^This follows by virtue of the symmetry of the indices s,a,d in a^ny factor \7sRabcd as 
discussed above. 
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^(free) (free)-^{free)j(free)i contract against two different factors and none of 
the indices ^ ^ ' are special indices in a factor of the form S^:Rijki- 

In our third step, we prove (|3.2p under this additonnal assumption. 

We now present our proof of the third step. We wiU indicate in the end how 
this proof can be easily modified to derive the first two steps. 

For each I G Lnot.samei let us denote by link{l) the number of particular 
contractions betwen the factors T^,T' in the tensor fields (jg^'''"^''' . (Note that 
by weight considerations < link{l) < 3). Let B be the maximum value of 

link{l)J e Lnot.same, and by i„ot.same ^ Lnot.same the Corresponding index 
set. We will then prove our claim for the tensor fields indexed in L^^j same- 
repeating this step at most four times, we will derive our third claim. 

Consider silly[Lg(fli, . . . , flp, (j)i, . . . , 0„, Vab)] = 0. Pick out the sublinear 
combination silly i,[Lg(Vli, . . . , fip, 0i, . . . , (/)„, Wafc)] = with /i — 7\f — 2 internal 
contractions, and with an extra Af + 2 derivatives on the factors T^, T' against 
which the two indices of the factor Vab contract, and with M + 2 + i? particual 
contractions betwen the factors , T' . This sublinear combination must vanish 
separately: 

silly^[Lg{Vti, ...,np,(f)i,... ,0„,Wab)] = 0. 

Moreover, we observe by following the "inverse integration by parts" and the 
silly divergence formula obtained from /^^„ Zg{vab)dVg = 0, that the LHS of the 
above can be desrcibed as follows: 

For each Cg^^"'^'',l G L^^^^^^^^, we denote by Cg{vab) the complete con- 
traction that arises by replacing the factor T — v|^^|,g^ (^free)-^(free)j{free)i by 
^U'ree) (/ree)^i'' then replacing each free index that does not belong to 
the factor T by an internal contraction. We then denote by Cg{vab) the com- 
plete contraction that rises from Cg{vab) by hitting the factor (against which 
the index j in Vji contracts) by (M + 2) derivative indices Vf ^ , . . . , and 
hitting the factor T' (against which the index i in Vji contracts) by derivatives 
V*i, . . . , \/tM+2^ It follows that: 

(o=)siz;2/4i<,(r!i,...,i]p,0i,...,0„,t-,fc)] = J2 aa^'^'iclivab)]. 

Now, to derive our claim, we introduce a formal operation Op[. . . ] which acts 
on the terms above by applying Sub-u to each of the /i — Af — 2 internal con- 
tractionsF^ erasing M + 2 particular contractions between the factors T\T^ 
and then replacing the factor Vji by V^"^].rMRijki'^^^v . . . y^'^'vV'vV^v. This 
operation produces a new true equation; after we divide this new true equation 
by 2^^"*"^, we derive our claim. 



These derivatives contract against the indices Vti , • ■ ■ , Vtj,j^2 that have hit T-' . 
See the Appendix of [3] for the definition of this operation. 
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Note on the derivation of h3.9\) . \3.10\) : The equations can be derived by 
a straighttforward modification of the ideas above: The only extra feature 
we must add is that in the silly divergence formula we must pick out the 
terms for which (both/one of the) indices j,i in Vji contract against a spe- 
cial index in a factor 5** V'-*^+^-'i?abc(iV"0ft,. This linear combination will van- 
ish, modulo terms where one/none of the indices j,i in Vji contract against 
a special index in the factor S^:Rijki- This follows by the same argument 
that is used in [3] to derive that Lemma 3.1 in [B] implies Proposition 11.11 
in case I: We firstly replace the factor Vji by an expression y^jUi)- We then 
just replace both/one of the expressions '^i4'}nyj by gij and apply Rictofl 
twice/onceF^ The only terms that survive this true equation are the ones 
indexed in Lnot.same, for which the expression(s) S*v'"ri...r^Rijki'^^4'h^''y are 
replaced by v|,'^^^|^^-jF/. We then proceed as above, deriving that the subhn- 
ear combination of terms indexed in Lnot.same must vanish, after we replace 
two/one expressions S^^'"r('...r^RijM'^^4>h'^''y by ^^r^'^r^ji^f ■ Then, repeating 

the permutations applied to any factors V^.'^'^^l j-;!/, to S<,v'^^...r^Rijki^^4>h^^y 
we derive our claim. □ 



3.2 The remaining cases of Proposition II. 11 in case III: 

We recall that there are remaining cases only when ct = 3. In that case we have 
the remaining cases when p = 3 and n — 2u — 2fi < 2, or when p = 2, (T2 = 1 
and n = 2u + 2^. 

The case p = 3: Let us start with the subcase n — 2u — 2/i = 0. In this case, 
all tensor fields in p.7p will be in the form: 



^a + a' +l---^a + a,' + a" Jb+b' + l---lb+b' + b" " -r ^ T " / 

where we are making the following conventions: Each of the indices ij is free; 
also, each of the indices is contracting against some factor V^^, and also 
A,B,C> 2. 

Thus, we observe that is this subcase fi is also the maximum rank among the 
tensor fields appearing in (|1.7p . Now, assume that the /i-tcnsor fields in (|1.7p 
of maximal refined double character have a — a, a' = a' , a" = a" . With no loss 
of generality (only up to renaming the factors fli,fl2,^3,(j)i,...,(t>u) we may 
assume that a > a' > a" and that only the functions V(/)i, . . . , V^^j^ contract 
against V^'^-TJi in Ksimp- We will then show that the coefficient aa,a',a" of this 
tensor field must be zero. This will prove Proposition II . II in this subcase. 

We prove that Oa^a' ^a" = by considering the global equation J ZgdVg = 
and considering the silly divergence formula silly [Zg] — 0. We then consider 



Recall that this operation has been defined in the Appendix of ^ and produces a true 
equation. 
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the sublinear combination silly+[Zg] consisting of terms with a', a" internal 
contractions in the factors V^^'>Q2, V^'^^fia, with a particular contractions be- 
tween those factors and with all factors V(j)h that contracted against V'-^^^fli 
in Ksimp being replaced by Aiph, while all factors V(j)h that contracted against 
V(^'r22, V^'-^'fis still do so. We easily observe that silly+[Zg] = 0, and further- 
more silly+[Zg] consists of the complete contraction: 

...V^'^<'+'''+'"<^„) 

(3.12) 

times the constant {—l)"^2"'aa.a',a"- Thus, we derive that aa.a',a" = 0. 

The second subcase: We now consider the setting where a = p = 3, n — 2u — 
2/i = 2. In this setting, the maximum rank of the tensor fields appearing in 
(|1.7p is /i + 1. In this case, all (/i -I- l)-tensor fields in (|1.7p will be in the form 
(|3.1ip (with a + a' + a" — + 1, while all the //-tensor fields will be in the 
form p. lip but with a + a' + a" = /i, and with one particular contraction c, 
between two of the factors V^^^f^i, V(^)f^2, ^^'^''^a- 

Now, if both the indices c, described above are removable, we can explicitly 
express - Xdiv of an acceptable (/i+ l)-tensor field. Therefore, we 

are reduced to showing our claim in this setting where for each //-tensor field in 
(|1.7p at least one of the indices c, is not removable. Now, let z S ZMax stand 
for one of the index sets for which the sublinear combination X]/eL- aiC^^ ^'^ 
in p.7p indexes tensor fields of maximal refined double character. We assume 
with no loss of generality that for each / G the factors V'^^'Jli, V'^^'>Vl2, 
V(<^)r23 have a > a' > a" free indices respectivelvF°l Therefore, the tensor 
fields indexed in can be in one of the following two forms: 



{A) 



liB) 



7(2) 



7i + a' + l---^a + a' + a" Jh+h' + \---Jh + h' + h" 



^2 



1- ■ ■ ' 



(3.13) 



pcontr{v[f\ ,.r!i®V=Vp], , , ^2^ 

'^^a + a' ^l---^a + a' + a" Jb+b' + l---Jb + b' + b" ^ 7- n / J 

(where > 3). 

Now, by "manually subtracting" Xdiv^s from these //-tensor fields, we can 
assume wlog that the tensor fields indexed in our chosen are in the from 



^''Recall that by our hypothesis a' > 2. 
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With that extra assumption, we can show that the coefRcient of the tensor 
field (|3.14p is zero. We see this by considering the (global) equation /^^ ZgdVg = 
and using the silly divergence formula silly[Zg] = (which arises by integra- 
tions by parts w.r.t. to the factor V'-^-'fii). Picking out the sublinear combina- 
tion silly+[Zg] which consists of the complete contraction: 



^ Jb+l---Jh+b' J aJb + b' +1 Jb + b' +b" '-' ^315^ 

A(/)i . . . V^''>'+»'+»" (f)u) 

(notice that silly +[Zg] = 0), we derive that the coefficient of (|3.14p must vanish. 
Thus, we have shown our claim in this second subcase also. □ 



The case p = 2, a2 = 1.' Recall that in this case we fall under the special 
case when n — 2u + 2/i. In this setting, we will have that in each index set 
L'' , z G Z'-^iax (sse the statement of Lemma 3.5 in [6]) there is a unique /i-tcnsor 
field of maximal refined double character in (|1.7p , where the two indices fc , ; in the 
factor S^V'^'^^ Rijki will be contracting against one of the factors V'^^'Jli, V^^''r22 
(wlog we may assume that they are contracting against different factors) . But 
now, recall that since we are considering case A of Lemma 3.5 in [5], one of 
the factors V'^'^-'fii, V'-^-'n2 will have at least two free indices. Hence, in at 
least one of the factors V'-^^^fii, V^^-'ri2, the index is removable (meaning 
that it can be erased, and we will be left with an acceptable tensor field). We 
denote by - ^y^b tensor field that arises from - v by erasing the 

aforementioned ^ , ' and making k or i into a free index, we then observe that: 

(Jl^^^...^^ _ Xdiv,^^,CY'-''^''^+^ = (3.16) 

(modulo complete contractions of length > a + u + 1) . This completes the proof 
of our claim. □ 
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